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Lesson 1.1. Linear Equations in One Variable
In mathematics, we come across many types of equations. An equation is any mathematical
sentence in which two expressions are separated by an equal sign. Typically, when we are given
an equation, the goal is to solve for a specified variable. There are several strategies we may
apply that will help us solve a given equation. Some important types of equations and strategies
are given here.
Examples of Equations
2 + 9 = 11
3𝑥 + 9 = 14 + 5𝑥
4𝑥 * − 19𝑥 + 𝑦 = 13𝑥 − 6 + 4𝑥 .
√𝑥 − 3 + |𝑥 − 7| =

1
5𝑥 − 8

Parts of an equation:
An expression contains numbers, variables, and/or operations. Each side of an equation is called
an expression.
A term is a part of an expression that is separated from other terms by plus or minus sign.
•

The parts of a term are called factors. Factors are parts of a term that are being
multiplied by each other.

A constant is a term that contains only numbers.
A variable is a letter that represents one or more unknown quantities.
A variable term is a term that contains at least one variable.

Example of identifying parts of an equation.
𝟑

Given 𝟐𝒙𝟑 − 𝟒𝒙𝒚 + 𝟏𝟖 = 𝟗𝒃 + 𝒎, we are given an equation with two expressions.
Expression 1 (frequently referred to as the left-hand side): 2𝑥 = − 4𝑥𝑦 + 18
=
Expression 2 (frequently referred to as the right-hand side): 9𝑏 +
?
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The terms of the left-hand expression 2𝑥 = − 4𝑥𝑦 + 18 are 2𝑥 = , −4𝑥𝑦, and 18.
The factors of 2𝑥 = are 2 and 𝑥 = (or if we want to get more technical,
2, 𝑥, 𝑥, and 𝑥.
The given equation contains one constant, 18.
The variable terms of the left-hand side are −4𝑥𝑦 and 2𝑥 = .

Types of equations we will see in this section or in the near future:
A linear equation is an equation in which all variables in the equation have an exponent of 1 (if a
variable or number has an exponent of 1, we usually do not see any exponent on that variable or
number.) One common representation for a linear equation is 𝑦 = 𝑚𝑥 + 𝑏 where 𝑚, 𝑏 are real
numbers.
A quadratic equation is an equation in which the largest exponent of one given variable in one or
more terms is raised to the second power. One common representation for a quadratic equation is
𝑦 = 𝑎𝑥 * + 𝑏𝑥 + 𝑐 where 𝑎, 𝑏, 𝑐 are real numbers and 𝑎 ≠ 0.
An absolute value equation is an equation that contains one or more variable terms within
absolute value bars. One common representation for an absolute value equation is 𝑦 =
𝑎|𝑥 − ℎ| + 𝑘 where 𝑎 ≠ 0.

Examples of types of equations
Linear Equations
4𝑟 − 2 = 7
4𝑦 − 2𝑥 = 7
3(2 − 𝑥) + 4𝑥 = 9(3𝑥 − 7)

Quadratic
Equations
𝑥* = 9
*
𝑥 − 7𝑥 + 14 = 𝑦
2(𝑥 * − 8) − 9𝑥 * = 7𝑥

Absolute Value
Equations
|𝑥| = 5
1
|2𝑥 − 7| + 4 = 𝑦
3
|𝑢 + 7| = |3𝑢 − 8| − 4

Other Types of
Equations
4
3𝑥 − = 9
𝑥
√𝑥 − 5 = 2𝑥
|3𝑥 * | − 6𝑦 * = 8𝑥

Frequently, when we are given a linear equation in one variable, we will be asked to solve it for
that variable. This means writing equivalent equations until we get to one where the variable is
R*

isolated on one side with a coefficient of 1, such as 𝑐 = 9 or 𝑣 = − S . Equivalent equations are
equations that have the same solution set. In order to isolate a variable, we use inverse
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operations. Inverse operations are operations that undo each other, such as addition and
subtraction of the same amount, and multiplication and division of the same amount.

Strategies to solve equations:
The Addition Property of Equality states that if you add (or subtract) the same value to both
sides, it does not change the equality.
•

For example, if given 5𝑥 − 6 = 13, add 6 to both sides and we get the new and
equivalent equation 5𝑥 = 19.

•

Common mistake: When one side of the equation is complicated, we may
accidentally add the same amount twice to one side of an equation.
o Babbette does this. Don’t be like Babbette.
o

3𝑥 − 5 + 12𝑦 − 9𝑥 = 2𝑥 − 10
+9𝑥
+ 9𝑥

o What Babbette should have done is combine the like terms as they are.
o

3𝑥 − 5 + 12𝑦 −9𝑥 = 2𝑥 − 10
C
−6𝑥 − 5 + 12𝑦 = 2𝑥 − 10

The Multiplication Property of Equality states that if you multiply (or divide) both sides by the
same non-zero value, it does not change the equality.
R

•

For example, if given * 𝑥 − 3 = 7, multiply both sides by 2 and we get the new
and equivalent equation: 𝑥 − 6 = 14.

•

Common mistake: When one side has multiple terms, we may accidentally forget
to multiply the same amount to all terms.
o Bugsy does this. Don’t be like Bugsy.
3𝑥 − 8 = 12
o T
3
3T
o Bugsy should have added 8 to both sides first. Alternatively, if Bugsy
insists on dividing first, then Bugsy should divide all three terms by 3.
o

3𝑥 − 8 = 12
+8
+8

OR

3𝑥 − 8 = 12
3
3
3

C
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If an equation has fractions (yes, fractions), you can eliminate the fractions magically
mathematically by rewriting every single term to have a common denominator. Once all terms
have the same denominator, multiply the equation by that value and the denominators will
cancel.
•

*

U

R

For example, if given = 𝑥 − . (𝑥 − 3) + V = 4, multiply each term so that the
denominator is 12 (the least common denominator of the given denominators).
*
=

U

R

𝑥 − . (𝑥 − 3) + V = 4

.∙*

=∙U

*∙R

X

RU

*

R*∙.

𝑥 − =∙. (𝑥 − 3) + *∙V = R*∙R
.∙=
.X

(R* 𝑥 − R* (𝑥 − 3) + R* = R*) × 12
8𝑥 − 15(𝑥 − 3) + 2 = 48 then this equation can more easily be solved using
inverse operations discussed above.
•

Common mistake: Rewriting only terms with fractions with a common
denominator and forgetting the integer terms.
o Flappy does this. Don’t be like Flappy.
*
U
R
o = 𝑥 − . (𝑥 − 3) + V = 4
o
o

.∙*
.∙=

=∙U

*∙R

RU

*

𝑥 − =∙. (𝑥 − 3) + *∙V = 4

X

𝑥 − R* (𝑥 − 3) + R* = 4
R*

o 8𝑥 − 15(𝑥 − 3) + 2 = 4
o Flappy should have rewritten ALL terms, including the integer 4 to have a
denominator of 12.
o
o
o

*
=

U

R

𝑥 − . (𝑥 − 3) + V = 4

.∙*

=∙U

*∙R

X

RU

*

.∙R*

𝑥 − =∙. (𝑥 − 3) + *∙V = R∙R*
.∙=
R*

.X

𝑥 − R* (𝑥 − 3) + R* = R*

o 8𝑥 − 15(𝑥 − 3) + 2 = 48 C
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If an equation has decimals, you can eliminate the decimals by multiplying every term by the
largest power of 10 necessary. For example, if terms have at most one digit behind the decimal
point, you need to multiply by 10. If terms have at most two digits behind the decimal point, you
need to multiply by 100.
•

For example, if given 0.04(30 − 𝑥) + 0.2𝑥 = 120, multiply all three terms by
100 since there is one factor that has a hundredths digit.
0.04(30 − 𝑥) + 0.2𝑥 = 120
(0.04(30 − 𝑥) + 0.2𝑥 = 120) × 100
100 × 0.04(30 − 𝑥) + 100 × 0.2𝑥 = 100 × 120
4(30 − 𝑥) + 20𝑥 = 12000 then this equation can more easily be solved using
inverse operations discussed above.

•

Common mistake: only multiplying terms that contain a decimal by the power of
10.
o Flompy does this. Don’t be like Flompy.
o 0.04(30 − 𝑥) + 0.2𝑥 = 120
o 100 × 0.04(30 − 𝑥) + 100 × 0.2𝑥 = 120
o The correct work is shown above. Flompy should have multiplied all
terms by 100, including 120. C

1.1.1 Examples of solving linear equations
Solve each equation.
(a)

4𝑥 − 7 = 37

(b)

=
U

=

− (𝑥 − 7) + 2𝑥 = −4
*

(c)

0.2𝑚 + 1.7 = 3 −

0.14𝑚

1.1.1.a

Solution to (a):

(4𝑥 − 7) + 7 = 37 + 7

Addition Property of Equality

4𝑥 = 44
4
4
𝑥 = 11

𝟒𝒙 − 𝟕 = 𝟑𝟕

Multiplication Property of Equality
v
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1.1.1.b
=×.
=×U
R*

−

U×*
U×=

Solution to (b):

(𝑥 − 7) +

R_

^RU − RU (𝑥 − 7) +

RU×*\

*_\
RU

RU×R

=

RU×(].)
RU×R

𝟒
𝟓

𝟐

− 𝟑 (𝒙 − 𝟕) + 𝟐𝒙 = −𝟒

Equivalent Fractions

]V_

` × 15 = ^ RU ` × 15 Multiplication Property of Equality

12 − 10(𝑥 − 7) + 20𝑥 = −60

Distribution Property

12 − 10𝑥 + 70 + 20𝑥 = −60

Distribution Property

10𝑥 + 82 − 82 = −60 − 82

Combining Like Terms

10𝑥 = −142
10
10

Addition Property of Equality

𝑥=−

R.*

𝑥=−

SR

Multiplication Property of Equality

R_

U

1.1.1.c

v

Solution to (c): 𝟎. 𝟐𝒎 + 𝟏. 𝟑 = 𝟑 − 𝟎. 𝟏𝟒𝒎

(0.2𝑚 + 1.3 = 3 − 0.14𝑚) × 100

Multiplication Property of Equality

20𝑚 + 130 = 300 − 14𝑚

Distribution Property

(20𝑚 + 130) − 130 + 14𝑚 = (300 − 14𝑚) − 130 + 14𝑚 Addition Property of Equality
=.?
=.

=

𝑚=5

RS_
=.

Multiplication Property of Equality

v

Special cases of linear equations in one variable: An equation of the form 𝒙 + 𝒂 = 𝒙 + 𝒃
o If the variables cancel out and the statement is a false statement (𝑎 ≠ 𝑏), such as 3 = 0,
then the equation has no solution, which we can represent with { } or ∅.
o If the variables cancel out and the statement is a true statement (𝑎 = 𝑏), such as 2 = 2,
then the equation has infinitely many solutions.
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Common phrases that imply the operations:
Addition of “a and b”

Subtraction of “a and b”

The sum of a and b

The difference of a and b

a plus b

a minus b

a added to b

b less than a

b more than a

b fewer than a

a increased by b

a decreased by b
b subtracted from a
subtract b from a

Multiplication of “a and b”

Division of “a and b”

The product of a and b

The quotient of a and b

a times b

a divided by b

a multiplied to b

b into a
b divided into a

Special cases:
Multiplication of “2 and a”
Twice a number
Double a number
When we are given application questions, it may be helpful to set up equations, tables, and/or
pictures. Read the question carefully to determine which strategy you need to apply.
!Helpful hint! If a problem says “a triangle …”, draw a triangle!
1.1.2
a)

Examples of setting up and solving application questions:
One number is four less than twice another. The sum of the numbers is
35. What are the numbers?

b) The difference between the measures of the two acute angles of a right
triangle is 17°. Find the measures of the two acute angles.
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c)

Shrina has money invested in two accounts. One account pays 4%
interest and the other account pays 6.5% interest. Shrina has $2,500
more invested in the account that pays 6.5% interest. If the total
interest she earned in the first year was $792.50, then how much did
she invest into each account?

1.1.2.a Solution to (a): One number is four less than twice another. The sum
of the numbers is 35. What are the numbers?
Let’s first set up the necessary equations:
E1: One number is four less than twice another.
(unknown) (=)
(take away 4)
(2 times) (unknown)
𝑎 = 2𝑏 − 4
E2: The sum of the numbers is 35.
(unknown) (plus) (unknown) (=) (35)
𝑎 + 𝑏 = 35
We need to write an equation in one variable, so we will use substitution to
replace 𝑎 in the second equation with what it is equal to based on E1: (2𝑏 −
4).
Hence 𝑎 + 𝑏 = 35 becomes (2𝑏 − 4) + 𝑏 = 35, and then we can solve it for 𝑏.
(2𝑏 − 4) + 𝑏 = 35
3𝑏 − 4 = 35
+4
+4
3𝑏 = 39
3
3
𝑏 = 13
Now we still need to determine the value of 𝑎, so we will plug in 13 for 𝑏
in either of the two equations.
𝑎 = 2(13) − 4
𝑎 = 26 − 4
𝑎 = 22
Thus the two unknown numbers are 13 and 22.

v
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1.1.2.b Solution to (b): The difference between the measures of the two
acute angles of a right triangle is 16°. Find the measures of the two acute
angles.
First, we’ll draw a diagram to help us get started.

(𝑎 − 16)°

𝑎°
Then we can set up an equation given our knowledge of the angle sum of any
triangle.
𝑎 + (𝑎 − 16) + 90 = 180
2𝑎 + 74 = 180
−74
−74
2𝑎 = 106
2
2
𝑎 = 53
One of the acute angles is 53°, then the other must be (53 – 16)° or 37°.

v
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1.1.2.c Solution to (c): Shrina has money invested in two accounts. One
account pays 4% interest and the other account pays 6.5% interest. Shrina
has $2,500 more invested in the account that pays 6.5% interest. If the
total interest she earned in the first year was $792.50, then how much did
she invest into each account?
First, we will create mathematical representations of the given information.
One account pays 4% interest and the other account pays 6.5% interest.
Money invested in Account 1: 𝑓
Interest earned on Account 1: 0.04𝑓
Money invested in Account 2: 𝑠
Interest earned on Account 2: 0.065𝑠
Shrina has $2,500 more invested in the account that pays 6.5% interest.
E1:

𝑠 = 2500 + 𝑓

The total interest she earned in the first year was $792.50
E2: 0.065𝑠 + 0.04𝑓 = 792.50
Now we can use substitution to create one equation in one variable:
0.065𝑠 + 0.04𝑓 = 792.50 becomes 0.065(2500 + 𝑓) + 0.04𝑠 = 792.50
Now let’s multiply the equation by 1000 to clear out the decimals:
(1000)0.065(2500 + 𝑓) + (1000)0.04𝑠 = (1000)792.50
65(2500 + 𝑓) + 40𝑓 = 792,500
162,500 + 65𝑓 + 40𝑓 = 792,500
−162,500
−162,500
105𝑓 = 630,000
105
105
𝑓 = 6,000
Shrina has $6,000 invested at 4% interest but we still need to determine how
much she invested at 6.5% using substitution:
𝑠 = 2500 + 6000 = 8,500
Therefore, Shrina has $6,000 invested at 4% and $8,500 invested at 6.5%. v
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Lesson 1.2. Absolute Value Equations
Absolute Value: The absolute value of a number is the distance from 0 to the number. Distance
is a scalar value (i.e. a value of magnitude), meaning it cannot be negative. Thus, the range of an
absolute value is from 0 to positive infinity.
Notation: We use absolute value bars to denote absolute value. So mathematically, “the
absolute value of x” is written as |𝑥|.
If 𝑎 ≥ 0, then |𝑎| = 𝑎.
If 𝑎 < 0, then |𝑎| = −𝑎.
In this textbook, when given |𝑥|, we will refer to 𝑥 as the expression within the absolute value
bars.
|−9.7| = 9.7 because -9.7 is 9.7 units from 0.

This sounds like it should be a pretty simple concept but generations of students might
disagree. Imagine that we used a map app to find the distance from the Empire State Building to
the state capitals of Connecticut, New Jersey, and Delaware. The app would always produce a
positive number despite Hartford, Trenton, and Dover being in different directions. If an app
ever produced a negative distance it would cause a lot of confusion (and people who get
reimbursed for mileage would be pretty upset).

When absolute value is tested in algebra, it frequently has two solutions. For instance, if the
absolute value of 𝑥 is 4, think about how many numbers are a distance 4 units from 0?
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Two: 4 and -4 as shown on the number line above. Since absolute value only measures distance,
we cannot conclude anything more about 𝑥 other than it must either equal 4 or -4.
1.2.1

Example of an absolute value equation with two solutions

|𝑥| = 4 has two solutions since there are two numbers that are a distance of 4
away from 0 on a number line: -4 and 4.
In set notation, we would write the solution set as {-4, 4}.

v

Less common cases of absolute value
(1) If an absolute value equals 0, then the expression inside the absolute value bars equals only a
single value, 0.
1.2.2 Example of an absolute value equation with one solution
|𝑦| = 0 has one solution since there is only one number that is a distance
of 0 away from 0 on a number line: 0.
In set notation, we would write the solution set as {0}.

v

(2) If an absolute value equation equals a negative value, that means that there is no solution,
since an absolute value represents a nonnegative quantity.
1.2.3 Example of an absolute value equation with no solution
|𝑡| = −4 has no solution since there are no numbers that are a distance of -4
away from 0 on a number line, since distance must be nonnegative. Therefore,
the solution is the empty set or the null set.
In set notation, we would write the solution set either as {} or Æ. v

To solve an absolute value equation when the unknown is within the absolute value bars, there
are a few key ideas to keep in mind.
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•

Absolute value bars are a special type of grouping symbol in the order of operations
(PEMDAS) family. It is mathematically incorrect to distribute if the absolute value bars
have a coefficient.
o Babette does this. Don’t be like Babette.
o −3|𝑥 − 8| = |−3𝑥 + 24|
o Babbette should not have distributed inside absolute value bars. If this was an
equation, Babbette should have divided all terms by -3. C

•

If there is one set of absolute value bars, it should be isolated on one side of the equation.
Use inverse operations, if needed.
o Bugsy does this. Don’t be like Bugsy.
o |𝑥 − 3| + 7 = 11
o Case 1: 𝑥 − 3 + 7 = 11
Case 2: 𝑥 − 3 + 7 = −11
o Bugsy should have isolated the absolute value bars before considering the two
cases.
|𝑥 − 3| + 7 = 11
o
−7 − 7
o Case 1: 𝑥 − 3 = 4 Case 2: 𝑥 − 3 = −4 C

•

Once the absolute value expression is isolated then and only then can you determine what
the possible value(s) of the expression within the absolute value bars can equal. Recall,
o If the expression containing absolute value bars equals a positive value, then there are
two solutions.
o If the expression containing absolute value bars equals zero, then there is one
solution. That one solution is the expression set equal to 0.
o If the expression containing absolute value bars equals a negative value, then there is
no solution. It is not possible for the absolute value of a number to equal a negative
value.

•

Once you are setting up and solving each case, you do not include the absolute value bars.
o
o
o
o
o
o

Flappy does this. Don’t be like Flappy.
|𝑥 − 3| = 4
Case 1: |𝑥 − 3| = 4
Case 2: |𝑥 − 3| = −4
Flappy should have dropped the absolute value bars when setting up the cases.
|𝑥 − 3| = 4
Case 1: 𝑥 − 3 = 4
Case 2: 𝑥 − 3 = −4 C
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•

If there are two absolute value expressions, the values inside can be equal (such as 4 and
4) or additive opposites (such as -4 and 4) since they would have the same absolute value
in either instance.

1.2.4

Examples of solving absolute value equations

Solve each equation. Graph the solution on a number line.
a) |𝑐 + 2| = 4
c)

−3|𝑥 − 2| = 0

1.2.4.a

R

b)

*

|4 − 3𝑥| + 5 = 7

|𝑥 − 6| = |4𝑥 + 5|

d)

Solution to a) |𝒄 + 𝟐| = 𝟒

Inside the absolute value bars can either equal 4 or -4 since
|4| = |−4| = 4, so we set up two equations and will have two unique solutions.
𝑐+2=4
−2 − 2
𝑐=2

or

𝑐 + 2 = −4
−2 − 2
𝑐 = −6

Therefore, the solutions are {-6 2}. v

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1

0

1

2

3 4

5

6

7 8 9

10

-10 -9 -8 our
-7 -6 -5
-4 -3 -2 -1 by
0 1plugging
2 3 4 5 them
6 7 8into
9 10 the original
* Note, we can check
solutions
equation and make sure we get a true statement.

Checking the solutions:
(i) Plug in 2 for 𝑐.

(ii) Plug in -6 for 𝑐.

Does |2 + 2| = 4?
|4| = 4
4 = 4ü

1.2.4.b

Solution to b)

Does |−6 + 2| = 4?
|−4| = 4
4 = 4ü

𝟏
𝟐

|𝟏𝟐 − 𝟑𝒙| + 𝟏 = 𝟕

First, we need to isolate the absolute value. Then we can set up the
necessary equations.

16

R
*

|12 − 3𝑥| + 1 = 7
−1

−1

R

(2) * |12 − 3𝑥| = 6(2)
|12 − 3𝑥| = 12
Now we know there are two possible solutions since the absolute value is
equal to a positive value; the expression in the absolute value can equal
either 12 or -12.
12 − 3𝑥 = 12
−12
−12
−3𝑥 = 0
TTTT
−3 TTTT
−3
𝑥=0

12 − 3𝑥 = −12
−12
−12
−3𝑥 = −24
TTTT
TTTT
−3
−3
𝑥=8

Therefore, the solutions are {0, 8}. v

Graphically:
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1

1.2.4.c

Solution to c)

0

1

2

3 4

5

6

7 8 9

10

−𝟑|𝒙 − 𝟐| = 𝟎

Absolute value bars are a unique type of grouping symbol. Unlike other
grouping symbols such as parentheses and brackets, it is mathematically
incorrect to apply the distributive property. Therefore, we DO NOT
distribute the -3, rather, we will use the Multiplication Property of
Equality to isolate the absolute value bars.
]=|\]*|

_

= ]=
|𝑥 − 2| = 0
]=

𝑥−2=0
+2 +2
𝑥=2

Since the absolute value equals 0, there is only one case to
consider.

Therefore, the solution is {2}. v

Graphically:
-10 -9 -8 -7 -6 -5 -4 -3 -2 -1

0

1

2

3 4

5

6

7 8 9

10
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1.2.4.d

Solution to d)

|𝒙 − 𝟔| = |𝟒𝒙 + 𝟓|

First, we need to isolate the absolute
|𝑥 − 6| = |4𝑥 + 5|
This one is a bit different since there are absolute value bars on both
sides. This means the values in the bars can either be the same value (such
as |3| = |3|), or the values can be additive opposites (such as |3| = |−3|).
𝑥 − 6 = 4𝑥 + 5
−𝑥 − 5 − 𝑥 − 5
−11 = 3𝑥
3T
3T
−

RR
=

=𝑥

Graphically:

𝑥 − 6 = −(4𝑥 + 5)
𝑥 − 6 = −4𝑥 − 5
+4𝑥 + 6 + 4𝑥 + 6
5𝑥 = 1
R
𝑥=U

Therefore, the solutions are o−

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1

0

1

2

3 4

5

6

7 8 9

RR R
=

, Up. v

10
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Lesson 1.3. Linear and Compound Inequalities
A linear inequality is a mathematical sentence that compares two expressions using one of four
linear inequality symbols, <, ≤, >, ≥.
Symbol
<

Meaning

≤

Less than
Less than or equal to

>

Greater than

≥

Greater than or equal to

Linear Inequalities
Solutions of linear inequalities look almost identical to solutions of equations, with one infinitely
huge difference. When we solve a linear equation, usually there is one solution such as 𝑥 = 8 or
=

𝑦 = −16 S. When we solve an inequality, the solution isn’t just one value, but infinitely many
values. Because the end result of an inequality could look like this: 𝑥 > 7, and it turns out, lots
of numbers are greater than 7; 8, 9, 9.1, 9.2, 100000000000000000, to name a few, and many
others!
As a result, when we solve an inequality, we are usually asked to do more than just isolate the
variable. We will likely be asked to graph the solution and write it in interval notation as well.
Graphing Solutions of Linear Inequalities
Graphing here refers to graphing on a number line, not a coordinate plane.
•

The solution of a linear inequality on a number line will be a ray with a closed circle, •,
over the beginning of the solutions IF the beginning is included in the solution, meaning
the symbol is ≤ or ≥. Then we extend the ray in the direction of the solutions.
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o The solution of a linear inequality on a number line will be a ray with an open circle, Ο,
over the beginning of the solutions IF the beginning is not included in the solution,
meaning the symbol is < or >.

When we solve a linear inequality, mostly we solve it the same way we’d solve an equation,
using the properties of equality. We will use inverse operations to isolate the variable.
However, negative values can be tricky. Recall that when we multiply or divide with a negative,
it will change the signs of all values. So, what was negative would become positive and what
was positive would become negative. If we multiply or divide both sides of an inequality by a
negative, this holds true and therefore what was smaller becomes larger and vice versa.
Therefore, as a rule, when we multiply or divide both sides of an inequality with a negative,
we must flip the inequality symbol! Once we have the variable isolated, we can graph its
solution.

IMPORTANT RULE about solving linear inequalities: If you multiply or divide both sides by a
negative value, the inequality sign is reversed.

20

1.3.1

Example of solving a linear inequality

Solve – 9𝑤 + 8 ≤ −3𝑤 − 16
Solution:

– 9𝑤 + 8 ≤ −3𝑤 − 16
+3𝑤 − 8 + 3𝑤 − 8
−6𝑤 ≤ −24
]Vx

]*.

≤ ]V
𝑤≥4

]V

ß Notice that the inequality symbol changed.

Then we’ll graph this solution:

v

Compound Inequalities
A compound inequality is an inequality that either contains two linear inequalities or one
inequality with two inequality symbols. The solution sets for compound inequalities typically are
either a disjunction in which there are two distinct sets of numbers in the solution set or a
conjunction in which there is one interval of solutions, with two numerical endpoints.
Disjunctions
A disjunction is associated with the word “or”. One example of a numerical disjunction is places
that offer discounts based on your age. You may receive a discount if you are 65 or older, or
under 12 years of age. Mathematically, we would represent this as: 𝑑 ≥ 65 or 𝑑 < 12. When
writing disjunction compound inequalities solution sets, two separate inequalities must be used
since there is no way to be both 65 or older and under 12 at the same time.
1.3.2

Example of solving a compound disjunction inequality

Solve: 3𝑥 < −18 or 𝑥 + 9 > 13
Solution: To find the solution sets, solve each linear inequality
separately.
3𝑥 < −18
TTT
TTTT
3
3
𝑥 < −6

or
or

𝑥 + 9 > 13
−9 − 9
𝑥>4
v
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Thus, the two solution sets are determined by 𝑥 < −6 or 𝑥 > 4. A solution for
this type inequality must make one of the linear inequalities true There is
not a value that could make both statements true, except in very rare cases.
Therefore, −8 is one possible solution since −8 < −6 and 10 is one possible
solution since 10 > 4, but 0 is not a solution since 0 is neither less than 6 nor greater than 4.

Conjunctions
A conjunction is associated with the word “and”. One example of a numerical conjunction could
be on a survey that asks for your age range. Each range given is an interval of values, in which
everyone taking the survey would place into one interval. Let’s say Polly is participating in the
survey and is 23 years old. If the survey had a range of 18 to 25, then she would fall into this
category. We can represent conjunction solution sets in one of two ways: First, we could use two
linear inequalities to say 𝑎 ≥ 18 𝐚𝐧𝐝 𝑎 ≤ 25 or secondly, we can write a conjunction with two
less than (or equal to if applicable): 18 ≤ 𝑎 ≤ 25.
If we are given a compound inequality with two less than symbols, it contains three expressions
(the left, the middle, and the right), so when we use inverse operations, they must be applied to
all three expressions. The goal in this form is to isolate the variable in the middle.
The two solution sets above represent the same values. If you write a compound inequality in
one sentence, the final answer should only contain less than or less than or equal to symbols.
1.3.3 Example of solving a compound conjunction inequality
Solve: 12 ≤ 7𝑥 − 2 < 33
Solution: As stated above, this sentence contains three expressions, 12, 7𝑥 −
2, and 33. Anything we do to isolate the variable, we do to all three
expressions.
12 ≤ 7𝑥 − 2 < 33
+2
+2 +2
14 ≤ 7𝑥 < 35
T
7T 7T
7
2 ≤ 𝑥 < 5 is the final solution. Which means the solutions are the values in
between 2 and 5, including 2 but not including 5. v
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Interval Notation
There are three ways that we can represent the solution set to inequalities: (1) the inequality
sentence, (2) a graph on a number line, and (3) in interval notation.
Interval notation is way to represent solutions in number theory. We write the interval(s) in
which the solutions of an inequality are contained in the real number system.
Key information about interval notation:
o If the end point(s) are included in the solution set, then we use brackets [ ] around the
interval.
o If the end point(s) are not included in the solution set, then we use parentheses ( ) around
the interval.
o Important notation:
o ∞ is the symbol that represents infinity. It means the solution set has no largest
value.
o −∞ is the symbol that represents negative infinity. It means that the solution set
has no least value.
o If a solution set contains either −∞ or ∞, the symbol next to it must be a
parenthesis.
o If a solution set is a disjunction, then we have two distinct intervals of numbers,
we use the ∪ symbol between the intervals. ∪ indicates the union of two sets.
o If an inequality has a solution set that contains all real numbers, you can either
write the answer as (−∞, ∞) or ℝ both of which mean “the set of real numbers.”
o If an inequality has no solution, you can indicate this on a graph by drawing a
number line with no circles or rays. You can indicate this in set notation using the
empty set notation, { } or the null set notation, Æ.
o A solution set can contain a combination of brackets and parentheses.
o When we write the solution set in interval notation, the intervals give the smallest
value first and the largest value second.
o If a compound inequality has more than one interval in the solution set, the sets
should be written from least values to greatest values.
o Interval notation can be easily confused for an ordered pair, so context is very
important.
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1.3.4

Examples of Interpreting Interval Notation

Describe the real numbers given in each solution set.
(a) (2, 6)

(b) (−∞, 3)

(c) [−1, ∞)

(d) (−∞, −1) ∪ [6, ∞)

Solutions
(a) (2, 6) represents all real numbers between but not including 2 and 6.
RV
Some examples of solutions would be 4, 3.5, 𝜋, and = because all of
these numbers lie between 2 and 6 on a real number line.

v

(b) (−∞, 3) represents all real numbers less than 3. Some examples of
R•S
solutions would be -100, 0, 2.79, −2𝜋, and − X because all of these
numbers lie to the left of 3 on a number line (and therefore are less
than 3). v
(c) [−1, ∞) represents all real numbers greater than or equal to -1. Note
that proper notation for infinity is to use a parenthesis since infinity
itself is not a real number. With this notation, we are stating that
there is no largest number bigger than -1. v
(d) (−∞, −1) ∪ [6, ∞) represents all real numbers that are either less than
1 or greater than or equal to 6. The solution set contains the following
R__
values, to name a few: -1.2, -4, 6, 2𝜋,
, and 300.8. v
•

1.3.5

Examples of Linear and Compound Inequalities

Solve each inequality. Graph the solution set and write the answer in
interval notation.
*

(a) − 𝑥 − 4 < 0
=

1.3.5.a

(b) −1 ≤ 4𝑥 − 2 < 2

(c)

R
.

𝑥 ≤ −2 or 2 − 𝑥 < 7

𝟐

Solution to (a) − 𝟑 𝐱 − 𝟒 < 𝟎
=

+4
*

+4

=

(− *) ∙ − = 𝑥 < 4 ∙ (− *)
𝑥 > −6
Graph of solution set:
Interval notation of solution set:

(−6, ∞)

v
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--------------------------------------------------------------------------------------------------------------------------------------We could check our solution set by plugging in one value within the solution
set. If it holds true, it doesn’t guarantee the answer is correct but it
does show you successfully found one solution!
Check: 𝑥 = 0
To check one value, take the chosen value and plug it into the original
sentence to verify it works.
*
Does − = (0) − 4 < 0 hold?
0 − 4 < 0?
−4 < 0 C

1.3.5.b

Solution to (b) −𝟏 ≤ 𝟒𝐱 − 𝟐 < 𝟐

Since the given sentence is a compound sentence, the solution set will be
one interval of numbers. The goal in this type of sentence is to isolate the
variable in between the inequality symbols.
−1 ≤ 4𝑥 − 2 < 2
+2
+2
+2
1 ≤ 4𝑥 < 4
TTT
TTT
TTT
4
4
4
R
Solution sentence: . ≤ 𝑥 < 1
Graph of solution set:

Interval notation of solution set:

1.3.5.c

Solution to (c)

𝟏
𝟒

R

ƒ. , 1)

v

𝒙 ≤ −𝟐 𝐨𝐫 𝟐 − 𝒙 < 𝟕

We are given two inequality sentences connected by “or” so we expect there
will be two distinct intervals of numbers. Solve each one separately, then
draw the solution sets one number line.
R
.
R

𝑥 ≤ −2

or

2−𝑥 <7

(4) ^ 𝑥` ≤ −2(4) −2
−2
.
𝑥 ≤ −8 or
−𝑥 < 5
−1 −1

25

Solution sentence:

𝑥 ≤ −8 or

𝑥 > −5

Graph of solution:
Interval notation of solution:

(−∞, −8] ∪ (−5, ∞)

v

26

Lesson 1.4. Absolute Value Inequalities

This section will combine the content of the two previous sections, linear inequalities and
absolute value equations. This section investigates when a mathematical sentence contains the
absolute value bars with an inequality symbol.
As we have seen previously, linear and absolute value equations, with some exceptions, usually
have a finite number of solutions (one solution for linear equations and two solutions for
absolute value equations), whereas inequalities have infinitely many solutions. The typical
absolute value inequality will have two endpoints, either two distinct intervals of solutions or one
interval of solutions. In either case, absolute value inequalities, like linear inequalities, will have
infinitely many solutions.

1.4.1 Think about these:
State three numbers that are solutions to the given description. One number
should be positive, one should be negative, and one should be a non-integer.
Then write the solution set(s) in interval notation.
a) The distance between a number and zero on the number line is greater
than 3 units.
b) The distance between a number and zero on the number line is greater
than or equal to 3 units.
c) The distance between a number and zero on the number line is less than 3
units.
d) The distance between a number and zero on the number line is less than
or equal to 3 units.
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1.4.1.a

Solution to (a)
*

Here is a selection of possible answers: {3.7, 4, 10, -3.01, -5, -12, 4U, .

8.079, -13 }. In interval notation, there would be two distinct sets since
•
numbers smaller than -3 are more than 3 units from 0, and numbers larger
than 3 are more than 3 units from 0. Solution set: (−∞, 3) ∪ (3, ∞). v

1.4.2.b

Solution to (b)
*

Here is a selection of possible answers: {3, 4, 10, -3, -5, -12, 4U, -8.079,
.

-13•}. In interval notation, there would be two distinct sets since numbers
of -3 or smaller are at least 3 units from 0, and numbers 3 and greater are
at least 3 units from 0. Solution set: (−∞, 3] ∪ [3, ∞). v

1.4.2.c

Solution to (c)

Here is a selection of possible answers: {1, 2, 2.5, -2.4, -2, -1, 0,
R•

R
.

,

1 *_. , −2.905}. In interval notation, there would be one distinct set since
numbers are closer to 0 on a number line than 3 are in between -3 and 3.
Solution set: (−3, 3). v

1.4.2.d Solution to (d)
=

‡

Here is a selection of possible answers: {1, 2, 3, -3, -2, -1, 0, − , ,
. *
−1.792}. In interval notation, there would be one distinct set since numbers
are at most 3 units from 0 on a number line are in between -3 and 3,
inclusively. Solution set: [−3, 3]. v
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Absolute Value Inequalities
When solving absolute value inequalities, we want to keep these rules in mind:
o Before breaking up into linear or compound inequalities, be sure the absolute value term
is isolated on the left-hand side.
o Disjunction: If |𝑥| > 𝑎 (or |𝑥| ≥ 𝑎) where 𝑎 > 0, there are two district solution sets. If
𝑥 > 𝑎, then |𝑥| > 𝑎, but also if 𝑥 < −𝑎, then |𝑥| > 𝑎. So we consider the two cases
using the word “or” to separate the linear inequalities.
o Two solution intervals: 𝑥 < −𝑎 or 𝑥 > 𝑎
o If 𝑥 represents an expression, then we would solve each inequality separately.
o Notice when we consider the cases, we drop the absolute value bars.
o Conjunction: If |𝑥| < 𝑎 (or |𝑥| ≤ 𝑎) where 𝑎 > 0, there is one distinct solution set. The
solutions are bound between −𝑎 and 𝑎. We consider one interval of numbers, where we
usually combine into a compound inequality. If you write the inequalities separately, you
would use the word “and” since the solution set must make both inequalities true.
o One solution interval: −𝑎 < 𝑥 < 𝑎
o Notice this is the same as if we split up the inequalities into two distinct
inequalities: −𝑎 < 𝑥 < 𝑎 = −𝑎 < 𝑥 and 𝑥 < 𝑎 = 𝑥 > −𝑎 and 𝑥 < 𝑎
o If the variable in the middle needs to be isolated, use inverse operations on all
three expressions to do this.
o
1.4.3 Examples of solving absolute value inequalities
Solve each absolute value inequality. Then sketch a graph and write the
solution in interval notation.

(a) |2𝑥 − 7| > 3

(b) −4|3𝑥 + 2| ≥ −20

R

(c) * |4 − 𝑥| − 2 ≥ 3
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1.4.3.a Solution to (a) |𝟐𝒙 − 𝟕| > 𝟑
The absolute value expression is isolated on the left-hand side, so we can
immediately consider the type of compound inequality this is. Since the
absolute value expression is on the left and the inequality symbol is
“greater than” indicates a disjunction with two distinct solution sets since
what is inside the bars can either be greater than 3 (case 1) or less than 3 (case 2).
Case 1:

2𝑥 − 7 > 3
+7 +7
2𝑥 > 10
2
2
𝑥>5

Case 2: 2𝑥 − 7 < −3
+7 +7
2𝑥 < 4
2
2
𝑥<2

OR

Graph:
Interval notation: (−∞, 2) ∪ (5, ∞)

1.4.3.b

v

Solution to (b) −𝟒|𝟑𝒙 + 𝟐| ≥ −𝟐𝟎

Before we consider the type of absolute value inequality we were given, we
must isolate the absolute value expression.
−4|3𝑥 + 2| ≥ −20
−4
−4
|3𝑥 + 2| ≤ 5
Now we can determine this is a conjunction absolute value inequality, and we
can determine the interval of solutions by writing one compound inequality
in which the absolute value expression must be contained between -5 and 5.
|3𝑥 + 2| ≤ 5
−5 ≤ 3𝑥 + 2 ≤ 5
−2
−2 −2
−7 ≤ 3𝑥 ≤ 3
3
3
3
S
−= ≤ 𝑥 ≤ 1
Graph:
S

Interval notation: ƒ− = , 1ˆ

v
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𝟏

Solution to (c) 𝟐 |𝟒 − 𝒙| − 𝟐 ≥ 𝟑
Before we consider the type of absolute value inequality we were given, we
must isolate the absolute value expression.
R

|4 − 𝑥| − 2 ≥ 3
+2 +2
R
(2) |4 − 𝑥| ≥ 5(2)
*
|4 − 𝑥| ≥ 10
*

Now we can determine this is a disjunction absolute value inequality, and we
know there will be two distinct intervals of numbers.
Case 1: 4 − 𝑥 ≥ 10
−4
−4
−𝑥 ≥ 6
−1 −1
𝑥 ≤ −6

Case 2: 4 − 𝑥 ≤ −10
−4
−4
−𝑥 ≤ −14
−1
−1
𝑥 ≥ 14

Graph:
Interval notation: (−∞, −6] ∪ [14, ∞)

v

Special Cases of Absolute Value Inequalities
The examples and explanations above deal with the expression within the absolute value bars
compared to a positive number. Now we will look at the special cases.
o |𝑥| > 0 or |𝑥| ≥ 0: In either case, the sentence wants us to decide when an absolute
value will be greater than (or equal to) 0. An absolute value is always greater than or
equal to 0, so every real number is a solution.
o |𝑥| < 0: The sentence is asking us to find values for 𝑥 in which the absolute value of the
number is less than 0, meaning it is negative. Absolute value expressions must be nonnegative so this is impossible and thus, there is no solution.
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o |𝑥| ≤ 0: The sentence is similar to the one above however, there is one value that 𝑥
could equal, and that is 0. So this inequality has one solution which would be 𝑥 = 0.
o |𝑥| > −𝑎 or |𝑥| ≥ −𝑎, where 𝑎 > 0: Both cases are asking us to consider what value for
𝑥 would make the absolute value of it larger than a negative value. This would be true for
all real numbers, so every real number is a solution.
o |𝑥| < −𝑎 or |𝑥| ≤ −𝑎, where 𝑎 > 0: Here we are trying to find values for 𝑥 that would
have an absolute value that is less than a negative value. This is impossible and thus,
there is no solution.
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Lesson 1.5. Rectangular Coordinates
In this section, we will look at the coordinate plane.
The coordinate plane, also known as the Cartesian plane, is a plane divided into four regions
called quadrants by a vertical line (𝑦-axis) and a horizontal line (𝑥-axis). The point at which the
two lines intersect is called the origin. The 𝑥-axis is a number line, like what was used in
previous sections. Numbers to the left of the origin are negative and go toward negative infinity.
Numbers to the right of the origin are positive and increase toward positive infinity. The 𝑦-axis is
a number line at a 90-degree angle. Numbers below the origin are negative and decrease toward
negative infinity. Numbers above the origin are positive and increase toward positive infinity.

One place in which the rectangular system is quite helpful is city planning. Older cities tend to
have more windy, confusing streets while more modern cities are usually created by a grid.
We use ordered pairs to represent a point’s distance in the plane from the origin. All ordered
pairs are of the form (𝑥, 𝑦), and the two numbers are called coordinates. The first coordinate,
the 𝑥 −coordinate, indicates how many units left or right the point is from the origin, while the
second coordinate, the 𝑦 −coordinate, indicates how many units below or above the 𝑥 −axis the
point is located. If one of the coordinates doesn’t exactly match the increments given on the axis,
we use our best judgement to place it in its appropriate position.
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1.5.1 Examples of plotting points in the coordinate plane
Graph each of the following points.
(a) (-2, -4)

(b) (0, 3)

(c)

(1.3, 4)

(d)

(5, 0)

1.5.1.a.b.c.d The points graphed in the coordinate plane
Graph each of the following points.
(a) (-2, -4)

(b) (0, 3)

(c)

=

(1 R_, 4)

(d)

(5, 0)

Finding the midpoint between two points
The midpoint between two points is the point that is halfway between the given points, on the
line segment that they are the endpoints of. The midpoint is found by averaging the 𝑥coordinates together (adding them up and dividing by 2) and averaging the 𝑦-coordinates (adding
them up and dividing by 2).
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Formula for finding the midpoint between two given points:
To find the midpoint between (𝑥R , 𝑦R ) and (𝑥* , 𝑦* ):

\‰ Š\‹ Œ‰ ŠŒ‹

midpoint = ^

*

,

*

`

Clarification: 𝑥R is a notation to say “the 𝑥-coordinate of the first given
point.” The 1 is called a subscript.

1.5.2 Examples of finding the midpoint between two given points
Find the coordinates of the midpoint between the two points.
(a) (3, -6) and (7, 2) (b) (-4, 0) and (-1, -19)

(c)

R

U

R

R

^1 * , −4 S` and ^−7 * , 2 S`

1.5.2.a Solution to (a) the midpoint of (3, -6) and (7, 2)
We can apply the formula stated above or wrestle through it
mathematically. The midpoint will have coordinates that are the averages
of the given 𝑥-coordinates (3 and 7) and the 𝑦-coordinates (-6 and 2).
What number is halfway between 3 and 7? That would be 5 (2 units away from
both). What number is halfway between -6 and 2? That would be -2 (4 units
away from both).
\‰ Š\‹ Œ‰ ŠŒ‹

Using the formula: ^

(𝑥* , 𝑦* ): ^

=ŠS ]VŠ*
*

v

1.5.2.b

,

*

*

,

R_

*

` we’ll call (3, -6) the (𝑥R , 𝑦R ) and (7, 2) the

.

` = ^ * , − *` = (5, −2). So the midpoint is located at (5, -2).

Solution to (b) the midpoint of (-4, 0) and (-1, -19)
\‰ Š\‹ Œ‰ ŠŒ‹

Using the formula: ^

(𝑥* , 𝑦* ): ^

*

].Š(]R) _Š(]R•)

,

*
R

*
R

located at ^−2 , −9 `.
*
*

,

*

` we’ll call (-4, 0) the (𝑥R , 𝑦R ) and (1, 19) the

]U

`=^* ,

]R•
*

R

R

` = ^−2 * , −9 *`. So the midpoint is

v
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1.5.2.c

𝟏

𝟓

𝟏

𝟓

Solution to (c) the midpoint of ^𝟏 𝟐 , −𝟒 𝟕` and ^−𝟕 𝟐 , 𝟐 𝟕`
\‰ Š\‹ Œ‰ ŠŒ‹

Using the formula: ^
‰

(𝑥* , 𝑦* ): Ž

‰

•
•

R Š^]S ` ] . Š *
‹
‹

at (−3, −1).

*

,

,

*

*

•
•

*

𝟏

𝟓

𝟏

𝟓

` we’ll call ^𝟏 𝟐 , −𝟒 𝟕` the (𝑥R , 𝑦R ) and ^−𝟕 𝟐 , 𝟐 𝟕` the
]V

‘=^* ,

]*
*

` = (−3, −1). So the midpoint is located

v

**For a review of simplifying radicals, please refer to Appendix 1. **
Pythagorean Theorem
The Pythagorean Theorem states that the sum of the squares of the legs of a right triangle equals
the square of the hypotenuse.

Pythagorean Theorem
𝑎* + 𝑏* = 𝑐 * where 𝑎 and 𝑏 are the lengths of the legs of a right triangle and
𝑐 is the length of the hypotenuse. Since 𝑎, 𝑏, 𝑐 are representing lengths of
a triangle, they all must be values greater than 0.

𝑎

𝑐
𝑏

Frequently, the Pythagorean Theorem is used to find the missing side length of a right triangle,
but it can also be used to determine the distance between two points in the coordinate plane. In
fact, the Pythagorean Theorem is the basis of the distance formula.
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Finding the distance between two points
A side-by-side comparison of Pythagorean Theorem and finding the distance
between two points in the coordinate plane
Pythagorean Theorem:
5

Distance between two points:
A(-2, -1) and B(3, -4)

3
Here we are missing the
hypotenuse.
5* + 3* = 𝑐 *
25 + 9 = 𝑐 *
34 = 𝑐 *
√34 = 𝑐
We could turn this into a right
triangle where TTTT
𝐴𝐵 is the hypotenuse.

And if we count the units of the
legs, we see they measure 3 units and
5 units, and thus we can apply the
Pythagorean Theorem to determine the
length of the hypotenuse which is the
same length as the distance between
the given points.
TTTT)*
5* + 3* = (𝐴𝐵
TTTT)*
25 + 9 = (𝐴𝐵
*
TTTT
34 = (𝐴𝐵)
TTTT
√34 = 𝐴𝐵

v

37

To find the distance between two points in the coordinate plane, determine the distance between
the 𝑥 −coordinates, the distance between the 𝑦 −coordinates, and you have two legs of a right
triangle so you can use the Pythagorean Theorem.

Formula for the distance between two points in the coordinate plane
To find the distance between (𝑥R , 𝑦R ) and (𝑥* , 𝑦* ):

𝑑 = ”(𝑥R − 𝑥* )* + (𝑦R − 𝑦* )*

*Note that the order of the coordinates does not matter since the
differences get squared, making the value non-negative either way.

Be careful as to how the directions indicate to give your answer as it will likely be irrational. If it
says to approximate, then plug your final value into the calculator. If it says find the exact
answer, simplify the radical.

1.5.3 Examples of finding the distances between two points
Find the exact distance between the given points.
(a)

*

1.5.3.a

R

R

U

(b) ^4 = , −4 V` and ^−7 = , 8 V`

(-3, 5) and (-9, -6)

Solution to (a) (-3, 5) and (-9, -6)

Let’s apply the formula and label (-3, 5) as (𝑥R , 𝑦R ) and (-9, -6) as
*

*

(𝑥* , 𝑦* ). Then 𝑑 = •–−3 − (−9)— + –5 − (−6)— = ”(6)* + (11)* = √157
Since √157 has no perfect square factors besides 1, that is how we will
leave the final answer. v
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1.5.3.b

𝟏

𝟏

𝟏

𝟓

Solution to (b) ^−𝟒 𝟑 , −𝟒 𝟔` and ^−𝟕 𝟑 , 𝟏 𝟔`

Let’s apply the formula and label
R

R

*

R

R

R

U

^−4 = , −4 V` as (𝑥R , 𝑦R ) and ^−7 = , 1 V` as
R

U *

(𝑥* , 𝑦* ). Then 𝑑 = ˜™−4 = − ^−7 =`š + ^−4 V − 1 V` = ”(3)* + (−6)* = √45
Since √45 has a perfect square factor, we will simplify it further.
√45 = 3 √5
Thus the distance between the given points is 3√5.

v

Intercepts of a Graph
An intercept of a graph is a point on the graph which lies on an axis. An 𝑥-intercept is any point
on a graph that lies on the 𝑥-axis. All 𝑥-intercepts are of the form (a, 0). A 𝑦-intercept is any
point on a graph that lies on the 𝑦-axis. All 𝑦-intercepts are of the form (0, b).
Fun facts about intercepts:
* If given the equation, you can find the 𝑥-intercepts of a graph by plugging in 0 for 𝑦 and
solving the equation for 𝑥.
* If you are given a graph, you approximate the 𝑥-intercepts by looking at where the graph
crosses the 𝑥-axis.
* You can find the 𝑦-intercepts of a graph by plugging in 0 for 𝑥 and solving the equation for 𝑦
or if you are given a graph, by looking at where the graph crosses the 𝑦-axis.
* The graph of a function can have from zero to infinitely many 𝑥-intercepts and at most one 𝑦intercept.
* The graph of a linear equation can have at most one 𝑥-intercept and at most one 𝑦-intercept.
* The graph of an absolute value equation can have at most two 𝑥-intercepts and always has
exactly one 𝑦-intercept (as seen in section 1.9).
* The graph of a quadratic equation can have at most two 𝑥-intercepts and always has exactly
one 𝑦-intercept (as seen in chapter 2).
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1.5.4

Examples of finding the intercepts of a graph

Approximate the 𝑥 −intercept(s) and 𝑦 −intercepts using the graphs, then
verify algebraically.
(a)

4𝑥 + 7𝑦 = −14

(b) 𝑦 = √𝑥 + 6

(c) 𝑦 = |𝑥 − 3| − 4
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1.5.4.a

Solution to (a) 𝟒𝒙 + 𝟕𝒚 = −𝟏𝟒

x-intercept
y-intercept

Based on the graph, the 𝑥 −intercept appears to be located at (-3.5, 0).
To verify algebraically, we will substitute in 0 for 𝑦.
4𝑥 + 7(0) = −14
4𝑥 = −14
4
4
𝑥 = −3.5
Based on the graph, the 𝑦 −intercept appears to be located at (0, -2).
To verify algebraically, we will substitute in 0 for 𝑥.
4(0) + 7𝑦 = −14
7𝑦 = −14
7
7
𝑦 = −2
So, the 𝑥 −intercept is (-3.5, 0) and the 𝑦 −intercept is (0, -2). v
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1.5.4.b Solution to (b) 𝒚 = √𝒙 + 𝟔

y-intercept

x-intercept
Based on the graph, the 𝑥 −intercept appears to be located at (-6,
0). To check algebraically, we will substitute in 0 for 𝑦.
0 = √𝑥 + 6
*
(0)* = –√𝑥 + 6—
0=𝑥+6
−6
−6
−6 = 𝑥
Based on the graph, the 𝑦 −intercept appears to be located at (0,
2.5). To check algebraically, we will substitute in 0 for 𝑥.
𝑦 = √0 + 6
𝑦 = √6
So, the 𝑥 −intercept is (-6, 0) and the 𝑦 −intercept (0, √6). v
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1.5.4.c

Solution to (c) 𝒚 = |𝒙 − 𝟑| − 𝟒

x-intercept

x-intercept
y-intercept

Based on the graph, the 𝑥 −intercepts appear to be located at
(-1, 0) and (7, 0). To check algebraically, we will substitute in
0 for 𝑦.
0 = |𝑥 − 3| − 4
+4
+4
4 = |𝑥 − 3|
Since the absolute value expression is equal to a positive value,
the expression within the absolute value bars could either be 4 or
-4, so:
𝑥−3=4
+3 +3
𝑥=7

or
or

𝑥 − 3 = −4
+3
+3
𝑥 = −1

Based on the graph, the 𝑦 −intercept appears to be at (0, -1). To
check algebraically, we will substitute in 0 for 𝑥.
𝑦 = |0 − 3| − 4
𝑦 = |−3| − 4
𝑦 =3−4
𝑦 = −1
So, the 𝑥 −intercepts are (-1, 0) and (7, 0) and the 𝑦 −intercept
is (0, −1). v
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Lesson 1.6. Graphs of Equations: Circles
A circle is a set of points equidistant from a point (called the center) in the coordinate plane. It is
a unique relation as we typically focus on functions, as discussed in the next section, which
circles are not. Yet, they are an intgeral part of algebra and precalculus.

One radius of
the circle

Center of the circle

One diameter
of the circle

Previously, we have seen equations of graphs in which we could isolate one of the variables
(usually 𝑦), but we cannot do that with circles.
When discussing circles algebraically, the two important attributes we need are the coordinates
of the center of the circle and the length of the radius. If we know those, then we can write the
equation of the circle.

Formula for the equation of a circle:
If the center of the circle is (ℎ, 𝑘) and the radius of the circle has a
length of 𝑟, then the formula given by that circle is: (𝑥 − ℎ)* + (𝑦 − 𝑘)* = 𝑟 *
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1.6.1 Example of writing the equation of a circle given its graph
Write the equation of the circle given its graph.

1.6.1 Solution to writing the equation of the circle given its graph
As indicated in the formula: (𝑥 − ℎ)* + (𝑦 − 𝑘)* = 𝑟 * , in order to write the
equation of a circle we need two pieces of information: the coordinates of
the center of the circle and the length of the radius.
The center: We see the center point is located at (3, -1) so we will
substitute that in for (ℎ, 𝑘).
The radius: we can count units from the center to any point on the circle.
The nicest would be to count horizontally or vertically since we know we
length is one unit. Going from the center to the right most point is two
units, so the radius is 2.

Now to write the equation: (𝑥 − 3)* + (𝑦 + 1)* = 4

v

If asked to find the equation of a circle, you could be given different pieces of information,
which may require you to review formulas from the previous section. With any given
information, think about what is needed to write the equation of a circle (radius and center), then
determine how you can find those if they are not given. Remember, radius is a length so
depending on what information you are given, you may need to apply the distance formula. The
center of the circle is an ordered pair, so the midpoint formula may be useful.
45

1.6.2 Writing the equation of a circle
Write the equation of the circle given by the information.
(a) Center: (-3, 6); radius: 5
(b) Center: (2.3, -9.1); diameter: 2.8
(c) Center: (-5, -2); One point on the circle: (2, -1)
(d) Two endpoints of a diameter: (-4, -1) and (-10, 7)

1.6.2.a

Solution to (a) Center: (-3, 6); radius: 5

To write the equation of a circle, we need the center and the radius
which we were given in this example. Woohoo! We can plug into the formula
and that’s it J
Formula for a circle: (𝑥 − ℎ)* + (𝑦 − 𝑘)* = 𝑟 * where (-3, 6) is (ℎ, 𝑘) and 𝑟 * =
5* = 25
Equation of this circle: (𝑥 + 3)* + (𝑦 − 6)* = 25 v

1.6.2.b Solution to (b) Center: (2.3, -9.1); diameter: 2.8
To write the equation of the circle, we need the center and the radius.
We have the coordinates of the center but the length of the radius was
not given. Luckily, we may recall that the length of the radius is half
the length of the diameter, so we can determine the radius by dividing
2.8 in half.
𝑟=

›
*

=

*.X
*

= 1.4

Now we can plug into the formula for a circle: (𝑥 − ℎ)* + (𝑦 − 𝑘)* = 𝑟 * where
(2.3, -9.1) is the center and 𝑟 * = 1.4* = 1.96
Equation of this circle: (𝑥 − 2.3)* + (𝑦 + 9.1)* = 1.96

v
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1.6.2.c
(2, -1)

Solution to (c) Center: (-5, -2); One point on the circle:

To write the equation of the circle, we need the center and the radius.
We have the coordinates of the center of the circle but we need to
determine the length of the radius. Since we know the coordinates of the
center and the coordinates of one endpoint, the distance between the two
would be the length of a radius.
To find the radius: Plug in the center, (-5, -2), and one endpoint,
(2, -1) into 𝑑 = ”(𝑥R − 𝑥* )* + (𝑦R − 𝑦* )* *
*Note the confusing use of the variable 𝑑 in this example. Here 𝑑
represents distance while in the previous example 𝑑 represented
diameter. Make sure you are aware of what each variable represents to
avoid potential errors.

𝑑 = ”(−5 − 2)* + (−2 + 1)* = ”(−7)* + (−1)* = √49 + 1 = √50**
Now we have both pieces of information to write the equation.
Equation of this circle: (𝑥 + 5)* + (𝑦 + 2)* = 50 v
** Note that the radical is not simplified here, since it ends up being
squared in the formula, that would create unnecessary work.

1.6.2.d Solution to (d) Two endpoints of a diameter: (-4, -1) and
(-10, 7)
To write the equation of the circle, we need the center and the radius.
We were given neither. Luckily, we know that the center of the circle is
exactly halfway between endpoints of a diameter, so we can determine the
center by applying the midpoint formula.
\‰ Š\‹ Œ‰ ŠŒ‹

To find the center: midpoint = ^

*

,

*

].Š(]R_) ]RŠS

`=^

*

,

*

` = ^−

R. V
*

, ` = (−7, 3)
*

Now, use the center and one of the endpoints to determine the length of
the radius by applying the distance formula.*
2

𝑑 = ”(𝑥R − 𝑥* )* + (𝑦R − 𝑦* )* = •–−7 − (−10)— + (3 − 7)2 = ”(3)2 + (−4)2 =
√9 + 16 = √25 = 5
*Note: You could determine the distance between the endpoints given but
that is the diameter not the radius, so that value would need to be
divided by 2.
Now we have both pieces of information to write the equation.
Equation of this circle: (𝑥 + 7)* + (𝑦 − 3)* = 25 v
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Lesson 1.7. Linear Equations in Two Variables

This section will look at linear equations in two variables and common linear forms used in
mathematics.
A linear equation in two variables is an equation of a polynomial in which the two variables,
most commonly 𝑥 and 𝑦, are related in such a way both variables are raised to the first power
(meaning you will not see an exponent on either variable). The graph of a linear equation in two
variables will be a slanted line.
Since it’s mentioned, let’s briefly define a polynomial (this will be discussed in more length in
section 1.8) A polynomial is a mathematical expression in which any variables have positive,
integer coefficients.

Examples of linear equations in two variables:
𝑦 = −3𝑥 + 8
\
RS

Œ

− U = −300

This is a very common way a linear equation is written, it is
discussed more in this section. Read on!
This is a linear equation since we can rewrite the fractions as
R
RS

𝑥 and

R
U

𝑦 so the variables both have exponents of 1.

𝑦 − 3 = 0.7(𝑥 + 10)
This is a linear equation since both variables are raised
to the first power.

Examples of non-linear equations:
𝑦 = −𝑥 * + 7
R*
\

R

− Œ = 20

This is not a linear equation since the 𝑥 has an exponent of
something other than 1.
This is not a linear equation since the variables do not have
exponents of 1 (when a value is in the denominator, it has a
negative power).

𝑦 = |𝑥 − 4| + 3 This is not a linear equation since it has the absolute value
bars, and therefore is not a polynomial.
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Linear equations in two variables have a solution set that consists of an infinite number of
ordered pairs. When graphed, these ordered pairs will form a straight (and slanted) line. Each
line can be described by its slant, called a slope which measures the steepness of the line and also
whether the line goes up or down from left-to-right. The slope is discussed in more detail below.
The slope of a line
The slope of a line is the steepness of that line measured in the form of a ratio. It is the ratio of
the change in y-coordinates to the change in x-coordinates. We can mesaure this ratio in a graph,
equation, or if we are given two points on the line.
Tips about calculating slope:
•

A negative slope means either the numerator is negative or the denominator is negative,
but not both. When writing the slope, the negative is moved to the front, such as:
]œ
œ
Šœ
œ
= − • and ]• = − •
Š•

•

A positive slope means that the numerator and denominator have the same sign. If using
the slope to sketch a graph, it is handy to know that you can assign negatives to both the
Šœ
]œ
œ
numerator and denominator, such as: Š• = ]• = •

•

The larger a value (regardless of sign), the steeper the line will be. The smaller a value
(closer to 0), the flatter the line will be.

Measuring slope of a line when given a graph:
When given a graph, identify two ordered pairs on that graph. Then count the vertical units you
rise (or fall) to get from one point to the horizontal line containing the other point. If you move
up (called rise), then you moved in the positive direction and your numerator will be positive. If
you move down (called fall), then you moved in the negative direction and your numerator will
be negative. Now that you are on the same horizontal line as the other point, count the units you
move left or right to get to that point. If you move left, then you moved in the negative direction
and your denominator will be negative. If you move right, then you moved in the positive
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direction and your denominator will be positive. Now write the ratio of the change as a fraction
in simplest form.

1.7.1 Examples of calculating the slope of a line given its graph
Calculate the slope of each line given its graph.

(a)

(b)

50

1.7.1.a Solution to (a) Calculating the slope of a line given its graph

(i)

First, we will find two points that lie on the grid.

(ii)

Now, start on one point and move up or down until we arrive on the
horizontal line that the other point lies on. Note the number of
units, this is called the rise. Since it moved up, the rise is
positive.

+2

(iii) Now, move along the horizontal line until we reach the other point.
Note the number of units, this is called the run. Since it moved
right, the run is positive.

+3
+2

(iv)

Now, we write the values of change as a ratio: 𝑚 =

žŸ ¡
ž¢£

Š*

*

= Š= = = v
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1.7.1.b Solution to (b) calculating the slope of a line given its graph

-4

+2

For this example, the chosen points were (0, 3) and (2, -1). Starting from
(0, 3), we had to move down 4 units, so the rise is -4, and to the right 2
units, so the run is positive 2.
].

The ratio of the slope is 𝑚 = Š* = −2.

v

Graphs are great and all but not always convenient. It’s helpful to know the formula to calculate
slope if you know two points that are on that line.
Calculating the slope of a line given two points
If we are given two points on a line, (𝑥R , 𝑦R ) and (𝑥* , 𝑦* ), the slope of the
line passing through those points is given by:
Œ ]Œ

𝑚 = \‹ ] \‰
‹

‰

1.7.2 Calculating the slope of the line passing through two given points
Find the slope of the line that passes through the given points.
(a) (4, -3) and (-2, -7)

(b) (3.2, -9.9) and (-2.9, 8.4)

1.7.2.a Solution to (a) the slope of the line that passes through (4, -3)
and (-2, -7)
First, we will label the given points: (4, -3) as (𝑥R , 𝑦R ) and (-2, -7) as
(𝑥* , 𝑦* ).
Then we will plug them into the formula and simplify: 𝑚 =

]S ] (]=)
]* ] .

].

*

= ]V = =

v
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1.7.2.b Solution to (b) the slope of the line that passes through
(3.2, -9.9) and (-2.9, 8.4)
First, we will label the given points: (3.2, -9.9) as (𝑥R , 𝑦R ) and
(-2.9, 8.4) as (𝑥* , 𝑦* ).
Then we will plug them into the formula and simplify:
𝑚=

X.. ] (]•.•)
]*.• ] =.*

=

RX.=
]V.R

= −3 v

Common Equation Forms of Linear Equations
Linear equations can be given in a variety of forms, but there are a few that are more commonly
used. Those common linear equation forms will be discussed in this section.
Slope-Intercept Form: y = mx + b
If you surveyed 1,000 former algebra students, the form for linear equations that at least 990
would remember best is slope-intercept form. In its name, you know exactly what information
you are given about the line.

Formula for Slope-Intercept Form of a linear equation
The slope-intercept form of a linear equation is:
𝒚 = 𝒎𝒙 + 𝒃
where 𝑚 is the slope of the line and 𝑏 is the 𝑦 −intercept of the line,
with the coordinate (0, 𝑏). Any point (𝑥, 𝑦) that makes a true statement when
plugged in, is a solution to the equation and a point on the graph of its
line.

Once a linear equation is written in slope-intercept form, you immediately know two pieces of
information about the line, which can be useful for graphing. You may need to rewrite a linear
equation into slope-intercept form, which is a useful skill to have in mathematics.
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1.7.3 Examples of rewriting linear equations into their equivalent slopeintercept form
Rewrite each equation in slope-intercept form. Then identify the slope
and the 𝑦 −intercept.
(a)

4𝑥 − 3𝑦 = 6

R

(b) 𝑦 − 3 = (𝑥 + 8)

(c)

.

\
*

−

UŒ
.

= −2

1.7.3.a Solution to (a) rewriting 𝟒𝒙 − 𝟑𝒚 = 𝟔 in slope-intercept form
First, we want to isolate the term containing 𝑦 since it is isolated in
slope-intercept form.
4𝑥 − 3𝑦 = 6
−4𝑥
−4𝑥
−3𝑦 = −4𝑥 + 6

Notice here, the term containing 𝑥 is in front of the
constant term. This is so the equation is consistent with
the form 𝑚𝑥 + 𝑏

Now we want to isolate 𝑦 so we will divide all three terms to -3.
]=Œ
].\
V
= ]= + ]=
]=
.

𝑦 = = 𝑥 − 2 where the slope is

.
=

and the 𝑦-intercept is (0, -2).

v

𝟏

1.7.3.b Solution to (b) rewriting 𝒚 − 𝟑 = 𝟒 (𝒙 + 𝟖) in slope-intercept form
Here we will want to distribute to remove the parentheses.
R

𝑦 − 3 = . 𝑥 + 2 (the 2 is the result of

R
.

R X

∙8=.∙R=2

Next, add 3 to both sides.
R

𝑦 −3 = .𝑥 +2
+3
+3
R

𝑦 = . 𝑥 + 5 where the slope is

R
.

and the 𝑦-intercept is (0, 5).

v
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1.7.3.c Solution to (c) rewriting

𝒙
𝟐

−

𝟓𝒚
𝟒

= −𝟐 in slope-intercept form

Ewwwwww, fractions!!!! Let’s clear those out first. The LCD of 2 and 4 is 4
so we will rewrite each term so it has a denominator of 4:
*∙\

−

UŒ

ƒ. −

UŒ

*∙*
*\

.

.

=

]*∙.

=

]X

R∙.

.

*\

UŒ

]X

ˆ (4) → (4) ^ . ` − (4) ^ . ` = (4) ^ . `

2𝑥 − 5𝑦 = −8
Phew, avoided those fractions, now we will isolate 𝑦.
2𝑥 − 5𝑦 = −8
−2𝑥
−2𝑥
−5𝑦 = −2𝑥 − 8
−5 −5 −5
*

X

*

X

𝑦 = U 𝑥 + U where the slope, 𝑚 = U and the 𝑦-intercept (𝑏) is ^0, U`.

v

Point-Slope Form: 𝑦 − 𝑦R = 𝑚(𝑥 − 𝑥R )
Point-slope form is frequently used in the middle of a question about linear equations. It is a nice
middle step when writing an equation in slope-intercept form and it also used widely in Calculus.
Formula for Point-Slope Form of a linear equation
The slope-intercept form of a linear equation is:
𝒚 − 𝒚𝟏 = 𝒎(𝒙 − 𝒙𝟏 )
where 𝑚 is the slope of the line and (𝑥R , 𝑦R ) is one point on the graph of
the equation. Any point (𝑥, 𝑦) that makes a true statement when plugged in,
is a solution to the equation and a point on the graph of its line.

It would be very unusual if you would be asked to write an equation in point-slope form from
any other form. Instead, we use point-slope form when we are given certain information about
the equation, such as the slope and one point on the line.
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1.7.4 Examples of writing equations in point-slope form
Write the point-slope form of the linear equation with the given
information.
.

(a) The line with 𝑚 = = and one point at (-3, 8).
(b) The line that passes through the points (9, -2) and (-1, -3).

1.7.4.a Solution to writing equations in point-slope form
.

(a) The line with 𝑚 = = and one point at (-3, 8).
Since we are given all the components of the line that we need, we can
.
plug in 𝑚 = = and (-3, 8) for (𝑥R , 𝑦R ).
.

𝑦 − 8 = = (𝑥 + 3) v

1.7.4.b Solution to writing equations in point-slope form
(b) The line that passes through the points (9, -2) and (-1, -3).
Here we first need to calculate the slope.
Œ ]Œ
]=](]*)
]R
R
𝑚 = \‹]\‰ = ]R]• = ]R_ = R_
‹
‰
Now we can use either point with the slope and plug into point-slope
form:
𝑦+2=

R
R_

(𝑥 − 9)

or 𝑦 + 3 =

R
R_

(𝑥 + 1)

v
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Now we will look at some examples of how to apply the point-slope method in the middle of a
problem.

1.7.5 Examples of writing linear equations in slope-intercept form when
given two points on the line
Write the equation of the line in slope-intercept form that passes
through the indicated points.
(a)

(-1, -2) and (1, -6)

(b)

(9, 0) and (3, -2)

1.7.5.a
Solution to writing the equation of a line in slope-intercept
form when given two points on the line
(a)

(-1, -2) and (1, -6)

If given two points on a line, there are two things you can do: graph
them or find the slope. We will find the slope, since we need to know it
in order to answer this question.
]V ] (]*)
R ] (]R)

𝑚=

=

].
*

= −2

Woooo! Halfway there! Now we can use the slope and one of the given
points to plug into point-slope form.
𝑦 + 2 = −2(𝑥 + 1)
And we need to rewrite this equation in slope-intercept form, so we will
isolate y which we will do by subtracting two from both sides and
distributing the -2.
𝑦 = −2𝑥 − 2 − 2 à

𝑦 = −2𝑥 − 4

v

1.7.5.b
Solution to writing the equation of a line in slope-intercept
form when given two points on the line
(b)

(9, 0) and (3, -2)

First we will find the slope of this line:
𝑚=

]* ] _
=]•

=

]*
]V

=

R
=

Next, we will use the slope and one of the given points and plug into
point-slope form:
R

𝑦 − 0 = = (𝑥 − 9)
Lastly, we will distribute and make sure 𝑦 is by itself.
R

𝑦 = 𝑥−3 v
=
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Standard Form: 𝑎𝑥 + 𝑏𝑦 = 𝑐
Standard form is a form for writing linear equations in which the variables are on one side of the
equation and the constant is on the other side. This form is ideal when trying to identify the
intercepts of the equation.

Standard Form of a Linear Equation
The standard form for a linear equation is:
𝑎𝑥 + 𝑏𝑦 = 𝑐
Where 𝑎, 𝑏, and 𝑐 are all integers and 𝑎 > 0.

Special Types of Lines
Thus far in this section, we have only discussed lines that have a slant (non-zero slope that is
defined). Now we will look at the two special types of lines, the ones that do not quite meet the
specification of the title of this chapter, as they are lines in one variable only.
Horizontal Lines
Horizontal lines are lines that have no rise or fall as they go from left to right. They are parallel
to the 𝑥 −axis (unless they lie on it, in which case they would coincide). All horizontal lines are
of the form: 𝑦 = 𝑏. This is the same 𝑏 as in the 𝑦 −intercept (0, 𝑏). Notice there is no
𝑥 −coordinate. Technically, we could say the equation of a horizontal line is 𝑦 = 0𝑥 + 𝑏 which
shows that it would have a slope of 0 (there is no rise but there is run).
Vertical Lines
Vertical lines are lines that go straight up and down, without moving left or right. They are
parallel to the 𝑦 −axis (unless they lie on it, in which case they would coincide). All vertical
lines are of the form: 𝑥 = 𝑎. In the case of vertical lines, the variable 𝑎 represents the
𝑥 −coordinate of the graph, (𝑎, 0). Notice there is no 𝑦 −coordinate. This special type of line
has no slope or we say the slope is undefined. It is important to note that a slope of 0 is NOT the
same as a slope that is undefined. Zero is a number, undefined is not.
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Summary of horizontal and vertical lines
Horizontal lines
Equation: 𝑦 = 𝑏
Slope: 0
Intercepts: One at (0, 𝑏)

Vertical lines
Equation: 𝑥 = 𝑎
Slope: undefined
Intercepts: One at (𝑎, 0)

1.7.6 Examples of calculating the slope of a special line
Find the slope of the line passing through the given points.
(a) (4, 2) and (4, -5)

(b) (3, -7) and (1, -7)

1.7.6.a Solution to (a) calculating the slope of a special line
Find the slope of the line passing through the given points.
(a) (4, 2) and (4, -5)
This may look like a standard calculating slope question, so we will treat
it as such by plugging the points into the slope formula.
Œ ]Œ

𝑚 = \‹]\‰ =
‰

‹

]U]*
.].

S

= −_

and there we see there is no ordinary line. The

denominator is now equal to 0, which is mathematically incorrect, therefore
these points must be on a vertical line with no slope. v

1.7.6.b Solution to (b) calculating the slope of a special line
Find the slope of the line passing through the given points.
(b) (3, -7) and (1, -7)
We will plug these points into the slope formula to see what happens.
Œ ]Œ

𝑚 = \‹]\‰ =
‰

‹

]S](]S)
R]=

_

= ]* = 0

In this case, we have 0 in the numerator over a

non-zero value, which means the slope does exist and is equal to 0. This
also indicate that these points line on a horizontal line.
We can say 𝑚 = 0. v
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Parallel and Perpendicular Lines
Parallel lines
Generally everyone remembers that parallel lines are lines that never meet. To be fair, this is the
Euclidean definition of parallel lines, which is the most commonly studied geometry.
Algebraically speaking, it is important to remember that parallel lines are lines that do not
intersect because they have the same slope (and different 𝑦 −intercept). So now, when
someone asks you to describe parallel lines, you can update your description and state they they
are lines that have the same slope (and different 𝑦 −intercepts) (and are located in the same
plane).
Notation for parallel lines: To indicate two lines are parallel, the symbol is given by ∥
So if Line ℓ is parallel to Line 𝓂, we can say: ℓ ∥ 𝓂
1.7.7 Examples of writing equations of lines parallel to given lines
(a) Write the equation of the line in slope-intercept form that is parallel
R
to 𝑦 = * 𝑥 − 5 and that passes through the point (6, -4).
(b) Write the equation of the line parallel to 𝑦 = 3 and that passes through
the point (-9, -4).
(c) Write the equation of the line in slope-intercept form that is parallel
to 5𝑥 − 2𝑦 = 9 and that passes through the point (10, 1).

𝟏

1.7.7.a Solution to writing the equation of the line parallel to 𝒚 = 𝒙 − 𝟓
𝟐
and that passes through the point (6, -4).
The given equation is written in a form so that we know the slope, which is
R
R
𝑚 = *. We also know 𝑚∥ = * (that is to say, the slope of any line parallel
will also be one-half).
So we will use the slope and the given point to write the equation.
R

𝑦 + 4 = * (𝑥 − 6)
R

𝑦 = *𝑥 −7 v
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1.7.7.b Solution to writing the equation of the line parallel to 𝒚 = 𝟑 and
that passes through the point (-9, -4).
The given equation is a special type of line, it is a horizontal line. All
horizontal lines are parallel to each other, so we need to write the
equation of the horizontal line passing through the given point.
𝑦 = −4 v

1.7.7.c Solution to writing the equation of the line parallel to 𝟓𝒙 − 𝟐𝒚 = 𝟗
and that passes through the point (10, 1).
The given equation is not written in a form that gives us the slope, so we
will rewrite it in slope-intercept form:
−2𝑦 = −5𝑥 + 9
U

•

𝑦 = *𝑥 −*
U

U

Now we know the slope of the given line is 𝑚 = *, and therefore 𝑚∥ = *. We
will use that slope and the given point to write the equation.
U

𝑦 − 1 = * (𝑥 − 10)
U

𝑦 = * 𝑥 − 24 v

Perpendicular Lines
Perpendicular lines are lines that intersect at four 90° angles. In algebra, we can recognize
perpendicular lines as they have slopes whose product is -1. More commonly, we may remember
that the slope of a perpendicular line is the negative reciprocal of the other line. This language
may be confusing though since if a given slope is negative then the perpendicular slope will be
positive.
Notation for perpendicular lines: To indicate that two lines are perpendicular, we use ⊥.
So if Line ℓ is perpendicular to Line 𝓂, we can say: ℓ ⊥ 𝓂

1.7.8 Examples of writing equations of lines perpendicular to given lines
(a) Write the equation of the line in slope-intercept form that is
=
perpendicular to 𝑦 = − 𝑥 − 9 and that passes through the point (-12, -2).
*
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(b) Write the equation of the line perpendicular to 𝑦 = 7 and that passes
through the point (1, 5).
(c) Write the equation of the line in slope-intercept form that is
perpendicular to 4𝑥 − 2𝑦 = −3 and that passes through the point (-2, 5).

1.7.8.a
Solution to writing the equation of the line perpendicular to
𝟑
𝒚 = − 𝟐 𝒙 − 𝟗 and that passes through the point (-12, -2).
The given equation is written in a form so that we know the slope, which is
=
𝑚 = − . We can determine the slope of the perpendicular because it is the
*

*

negative reciprocal of the given slope, therefore 𝑚© = =.
So we will use the slope and the given point to write the equation.
*

𝑦 + 2 = = (𝑥 + 12)
*

𝑦 = =𝑥 +6 v

1.7.8.b Write the equation of the line perpendicular to 𝒚 = 𝟕 and that
passes through the point (1, 5).
The given equation is a special type of line, it is a horizontal line. All
horizontal lines are perpendicular to all vertical lines, so we need to
write the equation of the vertical line passing through the given point.
𝑥=1 v

1.7.8.c Write the equation of the line in slope-intercept form that is
perpendicular to 𝟒𝒙 − 𝟐𝒚 = −𝟑 and that passes through the point (-2, 5).
The given equation is not written in a form that gives us the slope, so we
will rewrite it in slope-intercept form:
−2𝑦 = −4𝑥 − 3
=

𝑦 = 2𝑥 + *
R

Now we know the slope of the given line is 𝑚 = 2, and therefore 𝑚© = − . We
*
will use that slope and the given point to write the equation.
R

𝑦 − 5 = − * (𝑥 + 2)
R

𝑦 = −*𝑥 + 4 v
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*** COMMON MISTAKES ALERT***
Babette uses the 𝑦 −intercept of the given equation instead of plugging in the given point. Don’t
be like Babette.
•

Write the equation of the line in slope-intercept form that is perpendicular to
=
𝑦 = − * 𝑥 − 9 and that passes through the point (-12, -2).

•

She may correctly determine the slope: 𝑚© = *=

•

But then she incorrectly writes this equation: 𝑦 = = 𝑥 − 9

•

What Babbette should do is take the slope of the perpendicular line and the point we
were told is on it and plug those into the point-slope form.

•

𝑦 − (−2) = = (𝑥 − (−12)) Then Babbette can simplify and rewrite the equation in
slope-intercept form as requested in the problem.

•

𝑦 +2 = =𝑥 +8

•

𝑦 = 𝑥+6 C

*

*

*

*
=

Flopsy uses the given slope to find the 𝑦 −intercept of the perpendicular line, instead of plugging
in the slope of the perpendicular. Don’t be like Flopsy.
•

Write the equation of the line in slope-intercept form that is perpendicular to
=
𝑦 = − * 𝑥 − 9 and that passes through the point (-12, -2).

•

Then he incorrectly plugs the point using the given slope: 𝑦 + 2 = − * (𝑥 + 12) (the
given slope would be the slope of a parallel line, not a perpendicular line.)
=
And determine the 𝑦 −intercept to be: 𝑦 = − * 𝑥 − 20

•
•
•
•
•

=

*

And then write the equation of the perpendicular line as: 𝑦 = = 𝑥 − 20
What Flopsy should do is find the slope of any line perpendicular to the given line, then
take that slope and the given point and plug into point-slope form.
*
𝑚© = = and we are told the mystery line passes through (-12, -2). So now…
*

•

𝑦 − (−2) = = (𝑥 − (−12)) Then Flopsy can simplify and rewrite the equation in slopeintercept form as requested in the problem.
*
𝑦 +2 = =𝑥 +8

•

𝑦 = =𝑥 +6 C

*
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Lesson 1.8. Function Notation
In mathematics, when one variable is dependent on another variable we call this a relation.
Relations can be expressed using a mapping, table, equation, set of ordered pairs, or graph. The
set of values of the independent variable, or the input, is called the domain. The set of values of
the dependent variable, or the output, is called the range.

Examples of different ways relations can be expressed
Mapping

Table

Equation

List of Ordered Pairs

𝑦 = 2𝑥 − 6

{(5, -3), (-1, 7), (0, -3)}

Graph
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Functions
A function is a special type of relation. A function is a relation in which every input has exactly
one output. Meaning if 2 is an input, it only maps to 7 (or -3 or 15), if 2 maps to 7 and -3, then
that relation would not be a function.

How to tell if a relation is a function
•

Mapping: In a function, each input will have exactly one arrow to one output. If any input
has two arrows or more, then the relation is not a function.

•

Table: In a function, all inputs are unique (meaning they do not repeat). If an input
repeats, then the relation is not a function.

•

List of ordered pairs: In a function, no x value will repeat. If any x values repeat, then the
relation in not a function.

•

Equation: This is the hardest to explain! Basically, if the dependent variable (read: y) can
be easily isolated without having to add weird symbols, then it’s probably a function. As
a rule of thumb, standard polynomial equations are functions. If possible, graph the
function and use the explanation below.

•

Graph: We use the vertical line test to determine if a given graph is a function. The
vertical line test is a “test” in which we visual vertical lines all over the graph. If any
vertical line hits the graph more than one time, then the relation is not a function. If all
vertical lines intersect the graph once or not at all, then the graph is a function.

1.8.1 Examples of determining whether relations are functions
Decide whether or not each relation is a function. Briefly explain your
answer.
(a)

(b)

(c)
{(-4, 7), (-3, 6), (-4, 1),
(3, 7), (0, 9)}
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1.8.1.a

Solution to (a): Deciding if the relation is a function
Yes, this relation is a function. Each input maps to
exactly one output. The fact that multiple inputs map
to the same output is okay, it still means it is a
function. v

1.8.1.b

Solution to (b): Deciding if the relation is a function
Yes, this is a relation. Each input is listed once,
meaning no input is mapping to more than one output.
v

1.8.1.c

Solution to (c): Deciding if the relation is a function

{(-4, 7), (-3, 6), (-4, 1), (3, 7), (0, 9)}
No. This is not a function. The x-coordinate of -4 repeats, indicating this
relation is not a function.
{(-4, 7), (-3, 6), (-4, 1), (3, 7), (0, 9)} v

1.8.1 Examples of determining whether relations are functions
Decide whether or not each relation is a function. Briefly explain your
answer.
(d) 𝑥 + 5𝑦 = 17
(g)

(e)

𝑦 * = 6𝑥 − 2

(f) 𝑥 = |𝑦 − 3| + 2

(h)
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1.8.1.d

Solution to (d): Deciding if the relation is a function

𝑥 + 5𝑦 = 17
First, if you recognize the type of equation and you know it is or is not a
function, then you can just say: This is a function because it’s a linear
equation and all linear equations in two variables are functions. Let’s say
you didn’t do that, then can you rewrite the equation to get y by itself
R
RS
without having to do anything weird? Yes, 𝑦 = U 𝑥 + U . So the given equation is
the equation of a function. v

1.8.1.e

Solution to (e): Deciding if the relation is a function

𝑦 * = 6𝑥 − 2
If we were to isolate y, we would need to take the square root of both sides,
which means the right hand side would have to include a ± symbol:
𝑦 = ±√6𝑥 − 2 which is a weird symbol and therefore this is not a function. v

1.8.1.f

Solution to (f): Deciding if the relation is a function

𝑥 = |𝑦 − 3| + 2
To get y by itself, we would have to set up different equations for it and
that would be weird, so this equation is not a function. v

1.8.1.g

Solution to (g): Deciding if the relation is a function
This is not a function, as there is a vertical
line that would intersect the function in two
distinct places. v

1.8.1.h

Solution to (h): Deciding if the relation is a function
This relation is a function as it passes the vertical line
test. v
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Function notation
There is special function notation we use in mathematics, where instead of using x and y, we use
only one variable and the name of the function. The name of the function is a single lowercase
letter, most commonly f, g, or h. We replace y with f(x), it is read “f of x”, and it means the
function at this specific input.

Notation for function notation
We can write an function in function notation using the name of the function
and the independent variable of the function such that :
𝑓(𝑥) = 𝑦
It is read “f of x” where f is the name of the function and the independent
variable is x.

We can be asked to evaluate functions, graph functions, find the intercepts of functions, find the
domain of a function, combine functions, and many more tasks, some of which are discussed in
later sections.

Evaluating Functions for Given Values
To evaluate a function means we are given a value (or expression) to input and we want to
determine the output that corresponds to it. We replace all independent variables with the given
input and simplify.
Examples of evaluating functions
R

R

*

\Š*

Given 𝑓(𝑥) = 𝑥 − 4, 𝑔(𝑥) = −𝑥 * − 4𝑥, and ℎ(𝑥) = 𝑥 = −
(a) find 𝑓(−2)

(b)

find ℎ(4)

− 9,
(c)

𝑔(𝑛 + 3)
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1.8.2.a

Solution to (a) evaluating functions
R

R

Given 𝑓(𝑥) = * 𝑥 − 4, 𝑔(𝑥) = −𝑥 * − 4𝑥, and ℎ(𝑥) = 𝑥 = − \Š* − 9,
(a) find 𝑓(−2)
We will use the function f and replace all x with -2.
R

𝑓(−2) = * (−2) − 4
Now simplify the right-hand-side.
𝑓(−2) = −1 − 4 = −5
Thus, 𝑓(−2) = −5

1.8.2.b

v

Solution to (b) evaluating functions
R

R

*

\Š*

Given 𝑓(𝑥) = 𝑥 − 4, 𝑔(𝑥) = −𝑥 * − 4𝑥, and ℎ(𝑥) = 𝑥 = −
(b)

− 9,

find ℎ(4)

First, We will use the function h and replace all x with -2.
R

ℎ(4) = (4)= − .Š* − 9
Now simplify.
R

U

ℎ(4) = 64 − V − 9 = 54 V
U

Thus, ℎ(4) = 54 V

1.8.2.c

v

Solution to (c) evaluating functions
R

R

Given 𝑓(𝑥) = * 𝑥 − 4, 𝑔(𝑥) = −𝑥 * − 3𝑥, and ℎ(𝑥) = 𝑥 = − \Š* − 9,
(c) 𝑔(𝑛 + 3)
This one looks a little weird, but it’s the same idea. Anywhere we see an 𝑥
in the function 𝑔, we will replace it with (𝑛 + 3).
𝑔(𝑛 + 3) = −(𝑛 + 3)* − 4(𝑛 + 3)
𝑔(𝑛 + 3) = −(𝑛* + 6𝑛 + 9) − 4(𝑛 + 3)
𝑔(𝑛 + 3) = −𝑛* + 6𝑛 + 9 − 4𝑛 − 12
𝑔(𝑛 + 3) = −𝑛* + 2𝑛 − 3

v
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The Domain of a Function
When we are given a function, it is good to note the values in the domain. That is, values that
when they are plugged into the function, real number values are obtained. If there are numbers
that when plugged in, do not provide a real number, then we say that number is not in the
domain, or it is a restriction on the domain. Some examples of restrictions include if there will be
a zero in the denominator, a negative radicand (with an even index), to name a few. Your
professor will probably want you to state the domain using interval notation, so that is how we
will state the domain here.

1.8.3

Examples of stating the domain of a function

State the domain of each function.
(a) 𝑓(𝑥) = {(2, 5), (4, 6), (8, −1)}
(c)

\]=

𝑔(𝑥) = (\Š.)(\ŠV)

\

(b)

ℎ(𝑥) = 3𝑥 . − 2𝑥 = + U − 18

(d)

𝑟(𝑥) = √𝑥 − 5

1.8.3.a Solution to finding the domain of each function
𝑓(𝑥) = {(2, 5), (4, 6), (8, −1)}
The domain would be the set of 𝑥-values, hence: {2, 4, 8}.

v

1.8.3.b Solution to finding the domain of each function
\

ℎ(𝑥) = 3𝑥 . − 2𝑥 = + − 18
U

This function is a polynomial function. Polynomial functions have no
restrictions on the domain, therefore the domain is (−∞, ∞). v
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1.8.3.c Solution to finding the domain of each function
\]=

𝑔(𝑥) = (\Š.)(\ŠV)
This function is a rational function. Rational functions have restrictions
on the domain when the denominator equals zero. Therefore, we need to set
each factor of the denominator not equal to zero to see what is not allowed
in the domain.
𝑥 + 4 ≠ 0 and 𝑥 + 6 ≠ 0
𝑥 ≠ −4 and 𝑥 ≠ −6
The domain is (−∞, −6) ∪ (−6, −4) ∪ (−4, ∞).

v

1.8.3.d Solution to finding the domain of each function
𝑟(𝑥) = √𝑥 − 5
This function is a square root function. Square root functions have
restrictions on the domain when the radicand is less than zero. Therefore,
we need set up an inequality in which the radicand is greater than or equal
to 0, then isolate the variable.
𝑥−5≥0
𝑥≥5
The domain is (5, ∞).

v

The difference quotient
One of the fundamental principles of Calculus is the difference quotient. While you will see its
applications put to use in Calculus, it is good to know how to compute it prior to a Calculus
class. At its core, it is calculating the slope of a line through two points on a curve (this line is
called a secant).
The difference quotient
𝑓(𝑥 + ℎ) − 𝑓(𝑥)
, ℎ≠0
ℎ
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1.8.4

Examples of applying the difference quotient

Find the difference quotient and simplify the answer.
(a)

𝑓(𝑥) = 4𝑥 − 3,

-(*Š®) ] -(*)

(b)

𝑔(𝑥) = 𝑥 * − 5𝑥,

¯(=Š®) ] ¯(=)

1.8.4.a

®

®

, ℎ≠0
, ℎ≠0

Solution to applying the difference quotient

Find the difference quotient and simplify the answer.
(a)

𝑓(𝑥) = 4𝑥 − 3,

-(*Š®) ] -(*)
®

, ℎ≠0

First, compute each function separately:
𝑓(2 + ℎ) = 4(2 + ℎ) − 3 = 8 + 4ℎ − 3 = 4ℎ + 5
𝑓(2) = 4(2) − 3 = 8 − 3 = 5
Then rewrite the numerator:
(.®ŠU)](U)
®

And simplify:
(.®ŠU)](U)
®

=

.®
®

=4

v
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1.8.4.b

Solution to applying the difference quotient

Find the difference quotient and simplify the answer.
𝑔(𝑥) = 𝑥 * − 5𝑥,

(b)

¯(=Š®) ] ¯(=)
®

, ℎ≠0

First, calculate each function separately:
𝑔(3 + ℎ) = (3 + ℎ)* − 5(3 + ℎ) = 9 + 6ℎ + ℎ* − 15 − 5ℎ = ℎ* + ℎ − 6
𝑔(3) = (3)* − 5(3) = 9 − 15 = −6
Then rewrite the fraction with the updated numerator:
–®‹ Š®]V—](]V)
®

And simplify:
®‹ Š®]VŠV
®

=

®‹ Š®
®

=ℎ+1 v
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Lesson 1.9. Transformations of Functions: Graphs of Absolute Value
Functions
Before we jump into absolute value functions, we will first discuss patterns of transformations of
any function. The good news is there are patterns that apply to all functions when they are given
in a specific form. There are a few different types of transformations that can alter a function in
the coordinate plane. As each type of transformation is discussed, we will use the example of 𝑓
below to demonstrate changes.
f(x)

Horizontal and Vertical Shifts
If a graph shifts horizontally or vertically, the shape of the graph should remain in tact. It would
be akin to laying a paper clip down, then moving it up or down or left or right. The shape of the
paper clip would remain the same, it is just in a different location from where it was.
A horizontal shift in a function is when the function moves left or right. We recognize this shift
occurs in an equation or function name by change within the function, specifically, something is
being subtracted from 𝑥.

Horizontal shifts in a function
A function, 𝑓(𝑥), will have a horizontal shift when there is a value being
subtracted from 𝑥.
𝑓(𝑥 − ℎ) will shift the graph of 𝑓(𝑥) ℎ units to the right.
𝑓(𝑥 − (−ℎ)) or 𝑓(𝑥 + ℎ) will shift the graph of 𝑓(𝑥) ℎ units to the left.
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A vertical shift in a function is when the function moves up or down. We recognize this shift
when there is a value being added to the entire function.

Vertical shifts in a function
A function, 𝑓(𝑥), will have a vertical shift when there is a value being
added to 𝑓(𝑥).
𝑓(𝑥) + 𝑘 will shift the graph of 𝑓(𝑥) 𝑘 units up.
𝑓(𝑥) + (−𝑘) or 𝑓(𝑥) − 𝑘 will shift the graph of 𝑓(𝑥) 𝑘 units down.

We can apply these tranformations in the graph of 𝑓(𝑥) given on the first page of this section. In
general, when you apply transformations, you determine key characteristics of the graph and
note their change. For the graph of 𝑓(𝑥) that we are using, we can make adjustments to the
clearly indicated points. When we are given certain special functions, we apply them to their
parent function. A parent function is a the most basic type of a given function, usually with a
key point of the graph at (0, 0), the origin.

1.9.1

Examples of horizontal and vertical shifts of a function

Graph each function based on the changes to 𝑓(𝑥).

f(x)

(a)

𝑔(𝑥) = 𝑓(𝑥 − 2)

(b)

𝑔(𝑥) = 𝑓(𝑥) + 4
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1.9.1.a
(a)

Solutions to the graphs of the transformed 𝒇(𝒙)

𝑔(𝑥) = 𝑓(𝑥 − 2)

Since the change is happening within the function this indicates it will
be a horizontal shift. This graph will shift 2 units to the right from the
original graph of 𝑓(𝑥). Meaning we can identify the key points of 𝑔 by
adding 2 to each 𝑥-coordinate.

g(x)
f(x)
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1.9.1.b
(b)

Solutions to the graphs of the transformed 𝒇(𝒙)
𝑔(𝑥) = 𝑓(𝑥) + 4

This is a vertical shift since the change is occurring to the entire
function. In this case, 𝑔 will lie 4 unit above the graph of 𝑓. Or we can
identify the change to the key points by adding 4 to each 𝑦-coordinate.

g(x)

f(x)
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Stretches and Shrinks
Sometimes the graph can change shape based on certain factors effecting the graph. These
stretches and shrinks maay make the graph wider or narrower. More commonly, we encounter
vertical stretches and shrinks though both will be discussed in this section.

A summary of stretches and shrinks
A horizontal stretch or shrink of 𝑓(𝑥) is when 𝑔(𝑥) = 𝑓(𝑎𝑥) and
R
• Is a shrink if |𝑎| > 1 by a factor of œ.
•

Is a stretch if |𝑎| < 1 by a factor of

R

œ

.

And the graph is stretched from or shrunk toward the 𝑦-axis.
A vertical stretch or shrink of 𝑓(𝑥) is when 𝑔(𝑥) = 𝑎𝑓(𝑥) and
•
•

Is a stretch if |𝑎| > 1 by a factor of 𝑎.
Is a shrink if |𝑎| < 1 by a factor of 𝑎.

And the graph is stretched from or shrunk toward the 𝑥-axis.

1.9.2

Examples of stretches and shrinks of a function

Graph each function based on the changes to 𝑓(𝑥).
(a)

𝑔(𝑥) = 𝑓(3𝑥)

(b)

R

𝑔(𝑥) = * 𝑓(𝑥)
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1.9.2.a
(a)

Solutions to the graphs of the transformed 𝒇(𝒙)
𝑔(𝑥) = 𝑓(3𝑥)

Since the change is happening within the function this indicates it will
be a horizontal shrink. This graph will have 𝑦-values that are one-third
the 𝑦-values of the original graph of 𝑓(𝑥). Meaning we can identify the key
R
points of 𝑔 by multiplying each y-coordinate by a factor of =.

f(x)
g(x)

1.9.2.b
(b)

Solutions to the graphs of the transformed 𝒇(𝒙)
R

𝑔(𝑥) = * 𝑓(𝑥)

Since the change is happening to the function this indicates it will be a
vertical shrink. This graph will be shrunk towards the 𝑥-axis by a factor
R
of * units from the original graph of 𝑓(𝑥). Meaning we can identify the key
R

points of 𝑔 by multiplying each 𝑦-coordinate by a factor of .
*

f(x)
g(x)
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Reflections over the Axes
The last type of transformation is reflections about the axes. The two most common types of
reflections are reflections about the 𝑥-axis or a reflection about the 𝑦-axis. When we determine
if there is a reflection based on the sign of 𝑎.

A summary of reflections
The graph of 𝑓(𝑥) will be reflected when
•
•

𝑔(𝑥) = 𝑓(−𝑥) is a reflection about the 𝑦-axis.
𝑔(𝑥) = −𝑓(𝑥) is a reflection about the 𝑥-axis.

1.9.3

Examples of reflections of a function

Graph each function based on the changes to 𝑓(𝑥).
(a)

𝑔(𝑥) = 𝑓(−𝑥)

1.9.3.a
(a)

(b)

𝑔(𝑥) = −𝑓(𝑥)

Solutions to the graphs of the transformed 𝒇(𝒙)
𝑔(𝑥) = 𝑓(−𝑥)

Since the change is happening within the function this indicates it will be
a change of the 𝑥-coordinates. This graph be a reflection about the 𝑦 −axis
from the original graph of 𝑓(𝑥). Meaning we can identify the key points of 𝑔
by negating each 𝑥-coordinate.

f(x)

g(x)
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1.9.3.b
(b)

Solutions to the graphs of the transformed 𝒇(𝒙)
𝑔(𝑥) = −𝑓(𝑥)

Since the change is happening to the function this indicates it will be a
change of the 𝑦-coordinates. This graph be a reflection about the 𝑥 −axis
from the original graph of 𝑓(𝑥). Meaning we can identify the key points of 𝑔
by negating each 𝑦-coordinate.

f(x)

g(x)

And finally, the main event…. Absolute value functions!
We are finally at the meat of this section, however everything that we see above is useful for
graphing absolute value functions. We can apply the same transformations to the parent function
of an absolute value graph as shown in the examples above. That’s the cool thing about
transformations on functions, if you know the parent function, the transformations are all applied
in the same way for any function.
The parent function for an absolute value function is given by the equation: 𝑓(𝑥) = |𝑥| with a
vertex at (0, 0). The vertex is the point that is either the maximum or minimum of the function
and the graph is symmetric about this point. Common transformations of the parent function
model the form: 𝑔(𝑥) = 𝑎|𝑥 − ℎ| + 𝑘 in which the vertex would now be at (ℎ, 𝑘) and 𝑎
determines whether there is a stretch or a shrink and whether the graph opens up or down.
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Parent Function of an Absolute Value Function and its Transformations
The parents function of an absolute value function is given by the equation
𝑓(𝑥) = |𝑥|
With the vertex at (0, 0).
And the corresponding graph

Transformations of the graph are given by
𝑔(𝑥) = 𝑎|𝑥 − ℎ| + 𝑘
Where,
•

(ℎ, 𝑘) is the vertex.

•
•

If 𝑎 > 0, the graph opens up.
If 𝑎 < 0, the graph opens down.

•
•

If |𝑎| > 1, the graph has a horizontal stretch.
If |𝑎| < 1, the graph has a horizontal shrink.

1.9.4

Examples of graphing absolute value functions

Graph each function based on the changes to the parent function, 𝑓(𝑥) = |𝑥|.
(a)

𝑔(𝑥) = |𝑥 + 3| − 2

(b)

𝑔(𝑥) = −2|𝑥 − 1| + 4
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1.9.4.a

Examples of graphing absolute value functions

Graph each function based on the changes to the parent function, 𝑓(𝑥) = |𝑥|.
(a)

𝑔(𝑥) = |𝑥 + 3| − 2

The shape of this graph will be the same as the graph of the parent
function, though it is shifted in the plane. For the graph of 𝑔, the vertex
will be located at (-3, -2).

1.9.4.b

Examples of graphing absolute value functions

Graph each function based on the changes to the parent function, 𝑓(𝑥) = |𝑥|.
(b)

𝑔(𝑥) = −2|𝑥 − 1| + 4

For this graph, everything changes from the parent function! This graph will
open down, will be stretched by a factor of 2, and will have a vertex
located at (1, 4).
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Lesson 1.10. Systems of Linear Equations in Two Variables and
Applications
In this section, we will look at systems of two linear equations in two variables, and the plethora
of applications that are associated with them.
A system of equations is a collection of two or more equations. Commonly, we are asked to
solve the system, which means to determine the solution(s) that work for every equation in the
system.
In this section, we will only look at two linear equations in two variables. Any single line has
infinitely many solutions, but a system of equations most frequently has just one solution, with a
few special cases. The best way to visualize this is graphically in the coordinate plane. How can
you draw two lines in a plane? How many times will they meet? Those meeting points, called the
points of intersection, are the solutions of the set.

Graphical representation of how two lines can meet in the coordinate plane
Intersection lines
meet once:

Parallel lines
never intersect:

Lines that coincide
meet at every point:

Number of solutions:

Number of solutions:

Number of solutions:

1

0

infinitely many
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How do we know how many solutions a system will have? If the equations are written in a form
in which you can identify the slope and an intercept, then we can quickly determine the number
of solutions. If the slope are different (and it doesn’t matter whether the intercept is the same or
not), then there will be 1 solution, an ordered pair of the form (𝑥, 𝑦). If the slopes are the same
and the intercepts are different, then the lines are parallel and there will be no solution. If the
slopes are the same and the intercepts are the same, then the lines are actually the same line (we
say the lines coincide) and every point on the line is a solution to the system, so there are
infinitely many solutions.
There are a few common ways to solve a system of linear equations in two variables that will be
disucssed in this section. Note that if there is a solution, then the solution is an ordered pair, so
we need to identify both the 𝑥- and 𝑦 −coordinate for a complete solution.

Solving a System of Equations by Graphing
To solve a system of equations by graphing, we can get a nice visual model of the system. Graph
the lines using any convenient method and keep your fingers crossed that the lines intersect at a
nice, readable point that is on the graph. When you graph, it is important to use graph paper and
a straightedge because even the slightest mis-measure of a line can change the solution.

1.10.1

Examples of solving a system of equations by graphing

Solve each system by graphing.
R

(a)

𝑦 = =𝑥 −4
±
𝑦 = −2𝑥 + 3

(b)

𝑦 =𝑥−2
²
𝑥 + 2𝑦 = 2
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1.10.1.a

Solution to solving the system of equations by graphing
R

Solve each system by graphing.

(a)

𝑦 = =𝑥 −4
±
𝑦 = −2𝑥 + 3

To solve this system, we can use the slope-intercept form for both
equations since they are both written in it already.

We can see their point of intersection is located at (3, -4) and thus that
is the solution to the system. v

1.10.1.b

Solution to solving the system of equations by graphing

Solve each system by graphing.

(b)

𝑦 =𝑥−2
²
𝑥 + 2𝑦 = 2

For this system, we can use the slope-intercept form for the top equation
and for the bottom equation, we can graph by finding the intercepts.

We can see the point of intersection on this graph located at (2, 0) and
thus is the one solution to this system. v
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Solving the System of Equations Using the Substitution Method
The substitution method is the best method to use when one variable in one equation can easily
be isolated. Once that is achieved, take that equation and substitute into the other equation for the
isolated variable. Solve the equation, which will then tell you one part of the solution. Take that
part of the solution and plug into one of the given equations to determine the other part of the
solution.

1.10.2

Solving systems of equations using the substitution method

Solve the system of equations using the substitution method.
(a)

𝑥 = 3𝑦 − 1
²
2𝑥 + 3𝑦 = −11

1.10.2.a

(b)

5𝑥 − 6𝑦 = −8
²
4𝑥 + 𝑦 = 11

Solution to solving a system using the substitution method

Solve the system of equations using the substitution method.
(a)

𝑥 = 3𝑦 − 1
²
2𝑥 + 3𝑦 = −11

Since the top equation already has one variable isolated, we will
substitute what 𝑥 is equal to (3𝑦 − 1) into the other equation.
2(3𝑦 − 1) + 3𝑦 = −11
Now solve for the remaining variable.
6𝑦 − 2 + 3𝑦 = −11
9𝑦 = −9
𝑦 = −1
Now we know the 𝑦 −coordinate, so we can plug it into either given
equation to determine the value of the 𝑥- coordinate.
The top equation looks friendlier, so let’s plug into that one.
𝑥 = 3(−1) − 1 = −3 − 1 = −4
And the solution is (-4, -1).

v
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1.10.2.b

Solution to solving a system using the substitution method

Solve the system of equations using the substitution method.
(b)

5𝑥 − 6𝑦 = −8
²
4𝑥 + 𝑦 = 11

Neither equation has a variable isolated but in the second equation, we
can quickly (and painlessly) isolate the 𝑦 variable.
4𝑥 + 𝑦 = 11 → 𝑦 = −4𝑥 + 11
Now we can substitute (−4𝑥 + 11) for 𝑦 in the other equation.
5𝑥 − 6(−4𝑥 + 11) = −8
And isolate 𝑥.
5𝑥 − 6(−4𝑥 + 11) = −8
5𝑥 + 24𝑥 − 66 = −8
29𝑥 = 58
𝑥=2
Now plug in 2 for 𝑥 into either equation to determine the value of 𝑦.
4(2) + 𝑦 = 11 → 8 + 𝑦 = 11 → 𝑦 = 3
And the solution to the system is (2, 3).

v

Solving a System of Equations Using the Elimination (Addition) Method
This method for solving a systems of equations has more names than any of the other strategies.
It is sometimes referred to as the Elimination Method or the Addition Method or the Linear
Combination Method and probably several others too!
The elimination method is must ideal when we can rewrite one or both equations so that one
variable has exact opposite coefficients. Let’s look at the steps for the elimination method one by
one:
1. Decide which variable you want to eliminate.
2. Multiply one or both equations so that the chosen variable has exact opposite coefficients
(i.e. if one equation has −4𝑥, then the other equation should have 4𝑥.)
3. Combine the two equations. This step should eliminate the chosen variable.

88

4. Solve for the remaining variable.
5. Use substitution to solve for the previously eliminated variable.
6. Write your answer in an appropriate way, this could be as an ordered pair or simply restating
the two parts of the solution.

1.10.3
Method

Examples of Solving a System of Equations Using the Elimination

Solve each system using the elimination method.
6𝑥 − 7𝑦 = 23
(a) ²
3𝑥 − 4𝑦 = 14

1.10.3.a
Method

(b)

5𝑥 − 8𝑦 = 15
²
2𝑥 + 3𝑦 = 6

Solution to Solving a System of Equations Using the Elimination

Solve each system using the elimination method.
6𝑥 − 7𝑦 = 23
(a) ²
3𝑥 − 4𝑦 = 14
For this system, eliminating 𝑥 will be less work than eliminating 𝑦 since
we only need to manipulate the second equation.
If the top coefficient of 𝑥 is 6, then we want the bottom one to be -6. We
can multiply 3 by -2, thus we multiply the whole equation by -2.
−2(3𝑥 − 4𝑦 = 14) → −6𝑥 + 8𝑦 = −28
Now combine the untouched top equation with the new and better bottom one:
6𝑥 − 7𝑦 = 23
−6𝑥 + 8𝑦 = −28
𝑦 = −5
We got lucky, because we do not have to do any more work to determine 𝑦.
We now know that 𝑦 = −5 so we will take that and plug into one of the
original equations (whichever you think looks friendlier). And solve.
3𝑥 − 4(−5) = 14
3𝑥 + 20 = 14
3𝑥 = −6
𝑥 = −2
And thus the solution is (-2, -5).

v
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1.10.3.b
Method

Solution to Solving a System of Equations Using the Elimination

Solve each system using the elimination method.
(b)

5𝑥 − 8𝑦 = 15
²
2𝑥 + 3𝑦 = 6

This equation requires us to manipulate both equations. It’s your decision
which variable to eliminate. You may choose 𝑥 since it has smaller
coefficients. You may choose 𝑦 since the coefficients have opposite signed
numbers. You can’t go wrong! In this worked out solution, 𝑥 has been the
chosen variable to eliminate. So we need to think of a number that both 2
and 5 go into. There are infinitely many, you say? True but let’s stick
with 10 since it’s the most reasonable. We need to write one equation to
have 10𝑥 and the other should have −10𝑥. It doesn’t matter which way you
arrange these.
−2(5𝑥 − 8𝑦 = 15)
²
5(2𝑥 + 3𝑦 = 6)

à

−10𝑥 + 16𝑦 = −30
10𝑥 + 15𝑦 = 30

And now we add.

−10𝑥 + 16𝑦 = −30
10𝑥 + 15𝑦 = 30
31𝑦 = 0
𝑦=0
Now decide which equation looks friendlier and plug in 0 for 𝑦 to
determine the corresponding 𝑥-value.
2𝑥 + 3(0) = 6 → 2𝑥 = 6 → 𝑥 = 3
And finally, we have arrived at the solution (3, 0).

v

You may not be instucted as to which method to use when solving a system, so it’s up to you to
decide which method seems better for any given problem. To summarize which method is
probably best: Substitution method if one variable can (or already is) be painlessly isolated
without unnecessary fractions. Elimination method is best if you can rewrite one or both
equations so that one variable has exact opposite coefficients.

BUT WAIT!!! What about these special cases mentioned at the beginning of this section? Those
will be discussed now. Special cases are the cases when there is not one solution. Either there is
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no solution (graphically, the lines are parallel) or there are infinitely many solutions (graphically
the two equations sketch the same line). You may recognize a special case if you see the slopes
of the given equations are equal. Generally, professors try to be sneaky and change the equations
so it may not be obvious that they have the same slope. K, cool, then how would a person
recognize a special case? Great question. The answer is: you solve using the one of the methods
mentioned above BUT BOTH VARIABLES END UP CANCELING!!! If they cancel and the
statement that remains is true (such as 4 = 4 or 0 = 0), then that means the given equations are
equivalent and there are infinitely many solutions. If the variables cancel and you are left with a
false statement (such as 2 = 0 or 5 = -19), then that means the equations graphed parallel lines
and there in no solution.

1.10.4

Examples of Solving a Special Case System of Equations

Solve each system, if possible.
𝑦 = −4𝑥 − 5
(a) ²
8𝑥 + 2𝑦 = 7

1.10.4.a

(b)

²

2𝑥 − 4𝑦 = −6
−3𝑥 + 6𝑦 = 9

Solution to Solving a Special Case System of Equations

Solve each system, if possible.

𝑦 = −4𝑥 − 5
(a) ²
8𝑥 + 2𝑦 = 7

Since the top equation is already solved for 𝑦, we will use substitution:
8𝑥 + 2(−4𝑥 − 5) = 7
Now clean up and isolate 𝑥:
8𝑥 − 8𝑥 − 10 = 7
−10 = 7
Err, that’s not true. So, we have no variables left and we are left with a
false statement, therefore, there is no solution. v
Quick note here: Sometimes people don’t think 𝑥 should disappear and write
the incorrect equation 8𝑥 − 8𝑥 = 0𝑥 = 𝑥. That is incorrect and it’s okay if
the variable cancels – just means it’s special J
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1.10.4.b

Solution to Solving a Special Case System of Equations

Solve each system, if possible.

(b)

²

2𝑥 − 4𝑦 = −6
−3𝑥 + 6𝑦 = 9

This system seems to be an ideal candidate for elimination. Since the
coefficients of 𝑥 are smaller, we will work to eliminate them. 2 and -3
both go into 6 (or -6 as the case may be), so we will multiply the
equations by the necessary factor so that one equation has 6𝑥 in it and
the other has −6𝑥.
2𝑥 − 4𝑦 = −6
−3𝑥 + 6𝑦 = 9

à

3(2𝑥 − 4𝑦 = −6)
2(−3𝑥 + 6𝑦 = 9)

à

6𝑥 − 12𝑦 = −18
−6𝑥 + 12𝑦 = 18

Now combine the equations.
6𝑥 − 12𝑦 = −18
−6𝑥 + 12𝑦 = 18
0 + 0 = 0
Since this is a true statement and the variables canceled, there are
infinitely many solutions. v

Applications of Systems of Equations
There are billions, maybe even trillions, of applications relevant to systems of equations. So, so
many. However, we will discuss only the most common types seen in the college mathematics
world. Take a deep breath. You can do this. Yes, you can.
The best advice is to read the question carefully, then set up a plan. Your plan may include
drawing a picture, creating a table, labeling one or two variables, or writing equations. The worst
strategy is to give up. That won’t actually accomplish anything. Remember, this section deals
with 2 equations in 2 variables, so work with that as a guide. Now let’s look at examples!

1.10.5 Examples of Applications of Systems of Equations
(a) One number is five less than triple another number. The sum of the two
numbers is 31. Find the numbers.
(b) The width of a rectangle is twice the sum of the length and three. The
perimeter of the rectangle is 96 cm. Find the dimensions of the rectangle.
(c) Bonnie invests $15,000 into two accounts. One account pays 4.5%
interest and the other pays 7% interest. At the end of the first year,
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Bonnie earned a total of $937.50. How much did Bonnie invest into each
account?
(d) A local artist, Michaela N’gelo is selling tickets for her show. Adult
tickets each cost $15 and children’s tickets cost $9 each. At the end of
the first night of the show, Michaela earned $1818 and sold 142 tickets. How
many of each type of ticket did she sell?

1.10.5.a Solution to Applications of Systems of Equations
(a) One number is five less than triple another number. The sum of the two
numbers is 31. Find the numbers.
For this application, we will set up our variables and the two equations
given by the first two sentences.
Let’s call 𝑥 the first number and 𝑦 the other number.
“One number is five less than triple another number” now translates into
𝑥 = 3𝑦 − 5
“The sum of the two numbers is 31” translates into
𝑥 + 𝑦 = 31
That is two equations in two variables, woo! Since 𝑥 is isolated in the
first equation, let’s use substitution to solve the system.
(3𝑦 − 5) + 𝑦 = 31
4𝑦 = 36
𝑦=9
Then we can plug that into one of the original equations to obtain the
other value.
𝑥 + 9 = 31 → 𝑥 = 22
Thus we know the two numbers are 9 and 22.

v
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1.10.5.b Solution to Applications of Systems of Equations
(b) The width of a rectangle is twice the sum of the length and three. The
perimeter of the rectangle is 96 cm. Find the dimensions of the rectangle.
Since we are given a geometric shape, lets draw a rectangle and fill in the
details of what we know, including the equation relating the length to the
width.
𝐿
𝑊 = 2(𝐿 + 3)

We also know the perimeter formula for a rectangle: 𝑃 = 2𝐿 + 2𝑊 where P = 96
cm. We can rewrite the equation for the perimeter as:
96 = 2𝐿 + 2𝑊
Based on all this, we have two equations for this system:
𝑊 = 2(𝐿 + 3)
96 = 2𝐿 + 2𝑊
This system is ideal for substitution to solve.
96 = 2𝐿 + 2[2(𝐿 + 3)]
96 = 2𝐿 + 4𝐿 + 12
84 = 6𝐿
14 = 𝐿
Now we can use the length to determine the width by plugging into one of
the original equations.
𝑊 = 2(14 + 3)
𝑊 = 2(17) = 34
So we can conclude the length of the rectangle is 14 cm and the width is 34
cm. v
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1.10.5.c Solution to Applications of Systems of Equations
(c) Bonnie invests $15,000 into two accounts. One account pays 4.5%
interest and the other pays 7% interest. At the end of the first year,
Bonnie earned a total of $937.50. How much did Bonnie invest into each
account?
Since we have two “totals” given to us, setting up a table will help to
organize the information and set up the equations for us:
Money invested
Interest earned*

4.5% acct (f)
f
0.045f

7% acct (s)
s
0.07s

Total
15000
937.50

*Be careful with the interest as it MUST be converted to a decimal or
fraction when applied. You can either move the decimal two places to the
left to convert it to its equivalent decimal or put the percent over 100 to
convert to its equivalent fraction.
Our two equations are set up for us from the table:
𝑓 + 𝑠 = 15000
0.045𝑓 + 0.07𝑠 = 937.50
Either method can be used to solve, however either way, multiply the second
equation by 1000 to remove the decimals.
(0.045𝑓 + 0.07𝑠 = 937.50)1000 → 45𝑓 + 70𝑠 = 973500
Now let’s use the elimination method to solve for 𝑓.
−70(𝑓 + 𝑠 = 15000) → −70𝑓 − 70𝑠 = −1050000
−70𝑓 − 70𝑠 = −1050000
45𝑓 + 70𝑠 = 937500
−25𝑓 = −112500
𝑓 = 4500
So now we know that $4,500 was invested into the account that pays 4.5%. To
determine the amount in the other account, we will plug into one of the
original equations.
4500 + 𝑠 = 15000 → 𝑠 = 10,500
Thus $4,500 was invested at 4.5% and $10,500 was invested at 7%.

v
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1.10.5.d Solution to Applications of Systems of Equations
(d) A local artist, Michaela N’gelo is selling tickets for her show. Adult
tickets each cost $15 and children’s tickets cost $9 each. At the end of
the first night of the show, Michaela earned $1818 and sold 142 tickets.
How many of each type of ticket did she sell?
The most helpful tool here would be to organize the information in a table.
Number of tickets
Money earned ($)

Adults (a)
a
15a

Children (c)
c
9c

Total
142
1818

Now this lays out the two equations, since we have two piece plus piece
equals total rows.
𝑎 + 𝑐 = 142
15𝑎 + 9𝑐 = 1818
Either method will work great here. Since elimination was used in (c),
let’s use substitution.
𝑐 = 142 − 𝑎
15𝑎 + 9(142 − 𝑎) = 1818
15𝑎 + 1278 − 9𝑎 = 1818
6𝑎 = 540
𝑎 = 90
Then we can use substitution to determine 𝑐 = 52.
There were 90 adult tickets sold and 52 children’s tickets sold.

v
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APPENDIX 1
Review of Simplifying Square Roots
The Radical Symbol: √𝑥

The radicand

The radical symbol

The symbol √

is called a radical. The radical symbol is a special type of grouping symbol in

the order of operations. It is indicating that we need to find a principal root.
Sometimes there may be a little number written in the check mark part of the symbol such as
‹

√

¶

or √ . That little number is called the index of the radical. It indicates which root is sought

in the expression. If no index is given, it is assumed to be an index of 2, or the square root of the
expression under the radical. In fact, it is rare to see an index of 2 given.
The expression under the radical symbol is called the radicand. There are three things we may be
asked to find if we are given a radical expression:
1. Evaluate the radical. This implies the radicand is a perfect nth root, where n is the index
¶

of the radical. Such as: Evaluate √81 or evaluate √8. In the first expression, 81 is a
perfect square since 9* = 81. In the second expression, 8 is a perfect cube since 2= = 8.
(You will find more information on this in chapter 4.)
2. Simplify the radical or find the exact value of the radical. These instructions indicate the
radicand may not be a perfect power of n, where n is the index of the radical. When
simplifying a radical, it means to rewrite an equivalent expression in which the radicand
has no perfect powers of the index (other than 1, which is a perfect power always).
For example: Simplify √20. While 20 is not a perfect square (meaning there is no
rational number that when multiplied to itself is equal to 20), 20 does have a factor that is
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a perfect square, 4. We can rewrite √20 as 2√5. This process is discussed in more detail
in this section.
3. Approximate the radical. This can be done by calculator, in which case you may be told
to round to a certain decimal place, or by our brains alone. If you just want a sense of
how big a radical is, you can determine which perfect powers of the index surround the
given number and use that to approximate.
So, for √20, the perfect squares around 20 are 16 and 25, since √16 = 4 and √25 = 5,
we can conclude √20 is somewhere between 4 and 5, (maybe 4.4 or 4.5). Or we can use
the calculator to approximate. Your calculator should have a square root key, or it might
be above a key but look like this: √ . On the calculator, √20 ≈ 4.47213595 … If asked
to round to the nearest tenth, it would be 4.5, nearest hundredth 4.47, and so on.
If you are asked to find a root other than a square root, this can be done on a calculator
even if there is no root key beyond square root. You may learn about this is a later lesson
and it will not be discussed here.
*

Does –√𝑥— = √𝑥 * = 𝑥 for all values of 𝑥? Why or why not?
*

The answer is: no. One such value that would show this is false is 𝑥 = −2. ^”(−2)` is not
defined in the real number system (though does in fact equal -1), while ”(−2)* = √4 = 2. This
can present an issue when simplifying radicals with variables though frequently the directions
may have us assume all variables are non-negative or positive to avoid this situation.
There are good to know because they are used super frequently:
Some of the Perfect Square Roots
√1 = 1

√4 = 2

√9 = 3

√16 = 4

√25 = 5

√36 = 6

√49 = 7

√64 = 8

√81 = 9

√100 = 10

√121 = 11

√144 = 12
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Simplifying Radical Expressions with Integer Indices
To simplify a radical expression means that the factors (besides 1) under the radical are not
perfect powers of the index. In terms of a square root, no perfect square factors are under the
radical of a simplified radical (besides 1).
Good rule of thumb to know:
𝒏

√𝒙𝒏 = 𝒙 when n is even, that x represents a nonnegative value.

Also good to know: √𝒂 ∙ 𝒃 = √𝒂 ∙ √𝒃

Simplify each expression.
1.)

√144

2.) √81

5.)

√108

6.) √80

3.) √16

7.) √12

4.) √49

8.) √147
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Solutions to the examples 1 – 8
1.) √144 = √12* = 12

2.) √81 = √9* = 9

3.) √16 = √4* = 4

4.) √49 = √7* = 7

5.)

√108 = √36 ∙ 3 = √6* ∙ √3 = 6√3

6.) √80 = √16 ∙ 5 = √4* ∙ √5 = 4√5
7.) √12 = √4 ∙ 3 = √2* ∙ √3 = 2√3
8.) √147 = √49 ∙ 3 = √7* ∙ √3 = 7√3
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